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APPROXIMATING DVRS BY ELEMENTS OF BOUNDED
RAMIFICATION

GYU WHAN CHANG AND GIULIO PERUGINELLI

ABSTRACT. Let V' be a DVR with quotient field K and perfect residue field,
v be the valuation on K associated with V/, K be the completion of K, and
K be the completion of an algebraic closure K of K. We show that a DVR of
the rational function field K (X) which is a residually algebraic extension of V'
is necessarily of the form Vo, = {¢ € K(X) | v(¢(a)) > 0}, for an element o
of K transcendental over K, and that « is algebraic over K if and only if the
residue field extension is finite. Not every such V, is a DVR, however, and we
characterize the a € K for which V,, is a DVR: they are the elements which
can be approximated by algebraic elements in K with bounded ramification
indexes. Combining the two results, we obtain a complete description of the
extensions of V' to K(X) which are DVRs and residually algebraic over V,
together with a criterion for each of the two cases to occur. The proofs rest on
a bound for the ramification index in a compositum, valid with no tameness
assumption and under a separability hypothesis on one residue field extension
only; we show that the inequality cannot be improved to a divisibility and
that this hypothesis cannot be dropped. We also show that the hypothesis of
discreteness cannot be omitted. Furthermore, we show that the set of a € K
for which V,, is a DVR is a subfield of K, which sits properly between K and
K, and corresponds to those elements a for which the value group of I?(a) is
discrete.

1. INTRODUCTION

All rings considered in this paper are commutative with identity. Let V be a
valuation domain with quotient field X and X be an indeterminate. An extension
of V to the rational function field K(X) is a valuation domain W of K(X) with
W N K = V; writing (W, m) and (V,p), where m and p are the maximal ideals
of W and V respectively, the extension is said to be residually algebraic if W/m
is algebraic over V/p and residually transcendental otherwise, and it is said to be
torsion if the group T',, /T, of its value groups is a torsion group. The extensions
that are residually algebraic and torsion are known in the literature as the residually
algebraic torsion extensions of V' (see for example [4]).

We fix here the notation used throughout the paper, which we recall in detail
in Section V' has rank one, v is the valuation associated with V' and T', its

value group, K is the v-adic completion of K, K is an algebraic closure of K
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and K is the completion of ?; ? and O are the valuation domains of K and of

K, and G = Aut(f( | K ). The residually transcendental extensions have been
characterized by Alexandru, Popescu and Zaharescu [2] and described by means

of minimal pairs (o, 8), with a € K and 6 in the divisible hull of T', [3]; see also
[4] for a description of all the valuations of K(X) extending v. In the language
of monomial valuations, which is the one we use and that we will recall in section

such an extension is equal to 17&,5 N K(X), and the pair («,d) corresponds
to the closed ball B(a,d) = {x € K | v(x — a) > 0)} of center o and radius
8. The residually algebraic torsion extensions have been investigated by Oke [19],
also in several indeterminates, and the completions of the associated valued fields
of rational functions by Iovitd and Zaharescu [I3], who identify them with the
complete intermediate fields of K | K (an identification which, as we point out
in Remark [5.4] requires in one of its two directions a hypothesis that is not stated
there); minimal pairs have since been recast in the language of key polynomials and
of pseudo-convergent sequences, see, for instance, [I8] and [I1]; all the extensions of
V to K(X) have been described in terms of pseudo-monotone sequences, under the
assumption that Kis algebraically closed, by Peruginelli and Spirito [23], who also
studied in [22] the space of the valuation domains attached to pseudo-convergent
sequences.

In this paper V is a DVR (i.e., a discrete valuation domain of rank one) with
perfect residue field, and we determine the DVRs of K (X) which are residually
algebraic extension of V', proving that each such extension is of the form

Vo ={¢ € K(X) | v(¢()) = 0}

for an element « of K transcendental over K, and « lies in K itself precisely when
the residue field extension is finite (Theorem [4.6). Since every DVR of K (X) lying
over V is automatically a torsion extension of V, the class so described is exactly
the class of the discrete residually algebraic torsion extensions of V', that for short
we call discrete residually algebraic extensions. When a € K , these extensions are,
in the language of the previous paragraph, the limiting case § = oo, in which the
ball B(a,d) shrinks to a point; for a € K\ K, which is the case the theorem is
really about and in which the monomial construction is not available.

Each of the two cases of Theorem occurs, namely, either the extension of
the residue fields is finite or it is infinite, and one can say exactly when each
of them does: the first one corresponds to the case a € K and arises precisely

when K is not complete, and the second case corresponds to « ¢ K and it occurs
precisely when the residue field of V' admits finite extensions of unbounded degree
(Propositions and . Both conditions can fail at once, and then the class
is empty: this happens when K is complete and its residue field is algebraically
closed or real closed (Corollary . Both alternatives are illustrated in by
two families of examples, the power series rings F'[[t]] and the localizations F'[t]y),
the completion of the second being an instance of the first, so that the two differ
exactly by completeness; C[[t]] carries no such extension at all, whereas Clt]
carries infinitely many.
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The proofs rest on a bound for the ramification index in a compositum (Lemma
: if F7 and Fy are finite extensions of a complete discretely valued field F' and
the residue field extension of Fy | F is separable, then e(F1Fy | Fy) < e(Fy | F).
This inequality is folklore and we claim no novelty for it; what matters here, and
what we could not find recorded, is that it needs no tameness and separability of one
of the two residue field extensions only. Both features are sharp: for a tame F; | F
one has the stronger divisibility of Abhyankar’s lemma, which fails in the wild case
(Example , and the separability hypothesis cannot be dropped (Example .
We say more about the provenance of the lemma in Section[3] This is the only point
at which the perfectness of the residue field of V' enters the proof of Theorem
perfectness being what guarantees the separability hypothesis for all the extensions
we meet; it is used again, on its own account, in Proposition The lemma itself
enters the argument at a single step: attached to a residually algebraic torsion
extension W there is a sequence {(sp,0,)} of minimal pairs defining it, and the
whole question is whether the sequence {s,, }»en converges in K; the lemma bounds
the denominators of the §,, when W is discrete, and convergence follows.

Two further examples delimit the main result. First, not every V,, for a € K, is a
DVR: over Q, we exhibit an « in the completion C, of @p for which the value group
of V,, is non-discrete (Example , so that the extensions described by Theorem
[4.6) are exactly the valuation domains V,, which happen to be a DVR. Secondly, and
more to the point, the hypothesis of discreteness cannot be omitted from Theorem
if V' =Z,, then there is a residually algebraic torsion extension of V' to K(X)
which is not of the form V,, for any a (Example . The construction uses the
fact that C, is not spherically complete; as we explain in Remark it also shows
that the identification of the completions of K(X) given in [I3] for all residually
algebraic torsion extensions requires a hypothesis which is not stated there, and
that discreteness is one such hypothesis.

Theorem [4.6] thus leaves open which V,, are DVRs. We answer this in Proposition
for o € K transcendental over K, the valuation domain V, is a DVR if and only
if v is the limit of a Cauchy sequence {s,, }neny C K with bounded set of ramification
indices {e(K(sn) | K)}nen. Together with Theorem this describes that class
completely, and we record the description as Corollary the form in which the

results of this paper are perhaps best read. Finally, and most interestingly, we
show in Theorem that the set of o € K for which V, is a DVR is a (proper)

subfield of K, properly containing K. For the two families of this subfield can
be named outright: in equal characteristic zero it is the field of Puiseux series over

k, (Example .

We close this introduction by saying plainly what is new in this paper and what is
not. The case of a finite residue field extension in Theorem [4.6|is [20, Theorem 2.5],
and the compositum bound of Lemma|3.1|seems to be folklore; the contributions of
the paper are the following five. (i) Theorem for an arbitrary DVR with perfect
residue field. For V' = Z,y this is [21], Corollary 2.28], and the passage to a general

base is not a formality: in equal characteristic p the extension K \ K need not be

separable, so that G = Aut(l? | K ) is not a Galois group and the argument must
be carried by the two properties (G1) and (G2) of Section [2 rather than by Galois



sec:notation

subsec:roots

4 G. W. CHANG AND G. PERUGINELLI

theory; the second bullet of Example[f.12]exhibits exactly this situation. This is the
main point of the paper. (ii) Proposition[5.5, which decides, for a given «, whether
V, is a DVR, and so answers the question that Theorem [£.6] leaves open; combined
with the theorem it gives the complete description of Corollary (iii) Theorem
that K°" is a subfield of K, together with Theorem and Example (iv)
Ezample which shows that the hypothesis of discreteness cannot simply be
dropped from Theorem and which is what allows us to locate, in Remark
a hypothesis missing from [I3]. (v) Ezamples and which delimit Lemma
sharply: its conclusion cannot be strengthened to the divisibility of the tame
Abhyankar lemma, and its separability hypothesis cannot be removed.

2. NOTATION AND PRELIMINARIES

From now on V is a DVR, K its quotient field, v the associated valuation, 7 a
fixed generator of the maximal ideal of V' and k, = V/7V its residue field; X is
an indeterminate over K. The letter p is reserved throughout for a rational prime
and for the residue characteristic, and is never used for the uniformizer; note that
7 is a uniformizer of the completion V as well as of V. By a DVR we mean a
valuation domain which is discrete of rank one, so that I, = 7Z; we use the two
descriptions interchangeably, for the extensions of V' considered below as well as
for V itself. The distinction is worth making, since Section exhibits a discrete
valuation domain of rank two. We fix, once and for all, the following notation,
every symbol keeping the meaning given here until the end of the paper.

° I‘U is the value group of v and I's =1, ;, Q = Q its ¢ divisible hull.

e K and V are the v-adic completions of K and of V; K is henselian (see for
example [24, Theorem 1, p. 98]) and has the same residue field &, as V.

e K isan algebraic closure of K and V is the integral closure of Vin K , a
rank one non-discrete valuation domain. We denote again by v the unique
extension of v to K , and by k, the residue field of ‘A/, an algebraic closure
of k. o o

e K and O are the completions of K and of ‘7, respectively. Since a valued
field of rank one and its completion have the same value group and the
same residue field, v(K*) = I'y; and the residue field of O is k,. When
V = Zp) one has K = C,,.

e G = Aut(K | K); see the comment below in

o ¢(Fy|F) is the ramification index of a valued field extension F}|Fy, namely,
the index of the corresponding value groups, where F;|F5 means the field
extension of Fp C FY.

We work over K rather than over an algebraic closure of K because it is only
over K that the extension of v is unique, so that vo o = v for every o € G. Note

also that every element of K\ K is transcendental over K.

2.1. Roots of unity whose order is prime to the residue characteristic.
Assume char k, = p > 0, let m > 1 be prime to p and let p,, denote the group of

m-th roots of unity of K. Every ¢ € p,, is a unit, since mv(¢) = 0 forces v({) = 0.
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Moreover the residue map is injective on p,,: if ( € p,, has residue 1 and ¢ # 1,
then 1 + ¢ 4 --- + (™~ ! = 0, whereas its residue is m, which is non-zero in k,
because p { m. Equivalently,

v(1-¢)=0 for every ¢ € pm, ¢ # 1,

and, the residue map being an injective homomorphism on p.,, the residue of a
primitive m-th root of unity is again a primitive m-th root of unity. We use this in

Example and in Example
2.2. The ramification index of an element of K. For s € K, we put
es = e(K(s) | K),
which in general is an element of N U {oo} and we call it the ramification index

of s over K. Clearly, es; € N whenever s € K because in that case the extension
K (s) | K is finite. In general, the extension K (s) | K is transcendental precisely
when s ¢ K. We will show that even in this case, e; might be finite, and we
will characterize in §5| precisely when this is the case (see Proposition . In the
following we will make use of the following fact: e; is finite precisely when the
valuation domain O N K(s) of K(s) is a DVR.

2.3. On the group G. Let F' C L be an extension of fields and let Aut(L | F)
denote the group of all automorphisms o of L such that o(a) = a for all a € F.
We say that L is quasi-Galois over F if it is a normal (or splitting) extension of
F. The extension K | K is quasi-Galois, but in general it is not Galois, so that
G is not a Galois group: if char K = p > 0 and K is not perfect, then K | K is
not separable, the restriction to K S¢P_ the separable closure of Kin K , identifies
G with Gal(K*P | K), and the fixed field of G is the perfect closure of K and not
K. This is immaterial for what follows, since only the following two properties are
used, and both of them hold for quasi-Galois extensions.

(G1) G acts transitively on the set of the roots in K of an irreducible polynomial
of K [X] and, more generally, the automorphism group of a quasi-Galois al-
gebraic extension acts transitively on the set of the extensions of a valuation
of the base field to it. We shall use the latter property for the extensions of

a valuation of K(X) to IA((X); note that Aut(K(X) | IA((X)) = G, because
K is the algebraic closure of K in K (X), hence is stable under every au-

tomorphism fixing K (X), while conversely every o € G extends to K (X)
coefficientwise with o(X) = X.

(G2) voo = v for every o € G, by the uniqueness of the extension of v to K.

Consequently every o € G is an isometry of K and extends by continuity
to K.

2.4. Monomial valuations. Let U be a rank one valuation domain with quotient
field F' and valuation u, let « € F' and let  be an element of the divisible hull of
the value group of u. For g € F[X], written as

g X)=a, (X —a)"+ -+ a1 (X —a)+ag
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in F[X], set
Uq,s(g) = min{u(a;) +40 |1 =0,...,n}.

The function uq, s extends to a valuation of F(X) [6, Ch. VI, §10, no. 1, Lemma 1],
called a monomial valuation, of rank one, and we denote by U, s the associated

valuation domain; clearly Uy s N F = U. We shall use this construction for U = YA/,
which is a rank one valuation domain as well.

The limiting case § = oo is of a different nature, and we treat it separately.
The formula above then reads uq,00(9) = u(g()), which takes the value co at the
non-zero polynomial X — « and is therefore not a valuation of F(X). The set

Un,co = {0 € F(X) | ¢ is defined at o and ¢(a) € U}

is nevertheless a valuation domain of F(X) lying over U: it is the pullback of U
under the residue map of the (X — a)-adic valuation domain F[X]x_q) of F(X),
whose residue field is F'. Being the composite of two valuation domains of rank
one, Uy, o has rank two, and its residue field is that of U itself, so that it is trivially
residually algebraic over U; the caveat in the display is needed because « lies in F,
so that X — « is a prime element of F[X] and a rational function may have a pole
at a. By contrast, in Section [4] we shall attach a rank one valuation domain V,, of
K(X) to elements « of K that are transcendental over K, and the two constructions

should not be confused: for a € K transcendental over K the relation between them
is V, = ‘?OCDO N K(X), as we shall see.

An extension W of V to K(X) is torsion if Ty, C I'y, where T'y, is the value group
of W; equivalently, if T',,/T, is a torsion group. Every residually transcendental
extension of V to K(X) is torsion, and not every torsion extension is residually
transcendental. Indeed, by Abhyankar’s inequality [6 Ch. VI, §10, no. 3, Cor. 1],
rat. tk(T,, /Ty) + trdeg(ky, | ky) < trdeg(K(X) | K) = 1, so that a residually
transcendental extension has rat.rk(I',,/T',) = 0, that is, it is torsion; and the
second assertion follows from Remark applied to any o € K\ K. Such an
« exists, and is transcendental over K: an algebraically closed field carrying a
valuation of rank one whose value group is not discrete is never complete, so that
K\ K # (0, and every element of K algebraic over K lies in K. If a residually
transcendental extension W of V to K(X) contains V[X], then W = V45 N K (X)
for some (a, §) € K x I'y [8, Theorem 1.6 and Corollary 2.11].

3. A BOUND FOR THE RAMIFICATION INDEX IN A COMPOSITUM

The notation of this section is local to it and is unrelated to the one fixed in
Section 2| Throughout, (F,v) is a valued field which is complete with respect to the
discrete valuation v of rank one,  is its residue field and F is an algebraic closure
of F. Since F is complete, v admits a unique extension to F, and it is with respect
to this extension that all the ramification indices below are taken. We use freely
two standard properties of such a field (see, for example, [29)]): it is henselian, and
every finite extension of it is again complete with respect to a discrete valuation of
rank one; and [E : F]=e(E | F)- f(E | F), where f(E | F) is the residue degree
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of the valued field extension E|F, for every finite extension E of F', no separability
being required.

Lemma 3.1. Let I, F5 be finite extensions of F', let L = F1 F5 be their compositum
in F, and put ey = e(Fy | F) and e = e(L | Fy). If the residue field extension of
Fy | F is separable, then

e<e;.

In particular the inequality holds for all Fy and Fy as soon as k is perfect.

Proof. Write f1 = f(Fy | F) and, for a subfield E of F containing F, Og and kg
for the valuation ring of F and its residue field.

Step 1. Fi contains an unramified extension of F of degree fi. Let £ be the
residue field of F;. By hypothesis ¢ | x is separable, and it is finite, of degree fi,
because [Fy : F| < oo; by the primitive element theorem ¢ = k() for some 0. Let
g € Or[X] be a monic lift of the minimal polynomial of § over &, of degree f;. Then
7 is separable, so that 6 is a simple root of it, and Hensel’s lemma in the henselian
field Fy yields a root € Op, of g whose residue is §. Put F}'" = F(f); since
0 € Op,, this is a subfield of Fy, a fact used in Step 3. Then [F}* : F] < degg = f1,
while the residue field of F}* contains x(f) = ¢, so that f(F}' | F) > fi; by the
degree formula, [Fi* : F] = f1, e(F{" | F) = 1 and the residue field of F}" is /.

Again by the degree formula,
[F1:F] _ eufr
Fi: = % =—F— =e1.
SR Ty R

Step 2. Fj} := FFy, = F5(0) is unramified over Fy. Let h € Op,[X] be the
minimal polynomial of § over Fy; it is monic with coefficients in Op,, because 6
is integral over Op and Op, is integrally closed. Moreover h divides g in Op,[X]:
writing g = hq with ¢ € F5[X] monic, Gauss’s lemma over the valuation ring Op,
gives ¢ € Op,[X], both g and h being monic with coefficients in O,. Hence h
divides 7 in kp,[X]; the latter is separable, being the reduction of the separable
g € k[X] and separability being preserved under extension of the base field, so
h is separable too; a factorization of A into two non-constant factors would be a
factorization into coprime factors, which Hensel’s lemma would lift to a factorization
of h, against its irreducibility. So h is irreducible, the residue field of F} contains
kr,(0), which has degree degh = degh = [Fj : Fy] over kp,, and consequently
f(Fy | Fy) = [F5: Fy] and e(F3 | Fy) = 1.

Step 3. Conclusion. As F{'* C F; we have L = F1F», = F{F{"*F, = F\F},

€1
and Fi'" C Fy; writing F; = Y F{"w;, the Fj-span A = Y Fyw; is closed under
i=1 i
multiplication, because w;w; € Fy = > Fi"wy, and F{* C Fy. Thus A is a finite-
k

dimensional Fj-algebra which is an integral domain, being contained in L, hence
a field; as it contains Fy and F; we get A = F1F) = L, so that [L : Fi] < e;.
Therefore

e=e(L|Fy)=e(L|F;) e(Fy|Fy) =e(L|F;) <[L:F] <e,

which is the assertion. O



8 G. W. CHANG AND G. PERUGINELLI

When F; | F is tame, that is, when in addition charx 1 e, the inequality is
a form of Abhyankar’s lemma and one even gets the divisibility e | e1, together
with e(FiFy | F) = lem (e(Fy | F),e(F | F)): see [7] for local fields — a setting
narrower than the complete discretely valued fields of this section, so that the
comparison offered there is with a special case — and [12], Theorem 2] for valued
fields whose value group has rational rank one. Tameness is not available in Section
[4 where the extensions occurring might be wildly ramified in general. Steps 1 and
2 above are nothing but the standard theory of unramified extensions of a complete
discretely valued field — the maximal unramified subextension of Fy | F' exists and
has degree f;, and unramifiedness is preserved by base change to F» — for which
we refer to [I7, Ch. II, §7] or [26, Ch. III], and the same two steps are carried out in
[28, Lemmas 6 and 7]. Granting them, the lemma follows in two lines: Fj = F}" I,
is unramified over Fy, and F* C Fy N Fy with L = F1F}, so that

e(L | Fp) =e(L | F3) < [L: F3] < [Fy: FY"] = e,

the last inequality being the elementary bound [AB : B] < [A : ANB] for the degree
of a compositum. We have written the argument out in full only because we could
not locate the statement in the generality we need — no tameness, and separability
of one of the two residue field extensions only; [28, Theorems 2 and 3], for instance,
compare e(Fy Fy | F) with e(Fy | F)e(Fy | F) under a linear disjointness hypothesis
that we cannot impose here.

Neither the conclusion of Lemma [3.1] nor its hypothesis can be improved, and
the two examples that follow show why. In Example the extension Fy | F is
wildly ramified and the divisibility e | e; fails, so that the inequality is the right
statement; in Example [3.3] the separability hypothesis, which is used only in Step
1, is dropped and the bound itself fails.

Example 3.2. Let p be an odd prime and F' = Q,; let p'/? be a root of the
Eisenstein polynomial X? — p, let ¢ be a primitive p-th root of unity, and put

R =F@p'/?),  FB=F(p'?), L=FF.

Then Fy | F and Fy | F are totally ramified of degree p, so that e; = e(Fy | F) =p
and both residue field extensions are trivial, hence separable; and

e=e(ll|F)=p—1,

which does not divide e;. Moreover e(L | F) = p(p — 1) is not the least common
multiple of e; and e(Fy | F).

Proof. The polynomial X? — p is Eisenstein, so F; | F' is totally ramified of degree
p, and the same holds for F,, whose generator (p'/? is again a root of X? —p. The
compositum L = Fy Fy = F(p'/?,¢) has degree p(p — 1) over F, the degrees p and
p — 1 being coprime, and it is again totally ramified, since it contains two totally
ramified subextensions of coprime degrees. Hence

p(p—1)
P

e=e(L|Fy) = =p—1<p=ey,

and p — 1 does not divide p; and e(L | F)) = p(p — 1), whereas the least common
multiple of e; and e(Fy | F) is p. O
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The assertion that p — 1 does not divide ey is the only point at which the hy-
pothesis that p be odd is used, and it is indispensable: for p = 2 one has { = —1,
so that Fy = Fy, L = F; and e = 1, which does divide e; = 2. That e(L | F) is not
the least common multiple of the two ramification indices is consistent with [I2]
Theorem 2], whose hypotheses exclude the present example, the extension Fy | F'
being wildly ramified.

Example 3.3. Let p be a prime, let u be an indeterminate over I, and put ko =
F,(u) and F' = ko((t)) with the t-adic valuation, v(t) = 1; the field F' is complete,
v is discrete of rank one, and the residue field x = kg is imperfect. Put

F, = F(z) with af =u, F, =F(y) with y* =u+t, L=FF,.

Then [Fy : F| = [Fz : F| = p, both residue field extensions are purely inseparable
of degree p, and e; = e(F; | F') = 1, whereas

e=e(llL|Fy)>p>1=ce;.

Proof. The residue field rq is imperfect because kf = F,(u?) does not contain u.
Neither u nor u + ¢ lies in F? = F,(u?)((t?)): the first because u ¢ kb, the second
because every exponent occurring in an element of FP is divisible by p. Hence
[F1 : F] = [F2 : F] = p; the residues of z and of y are both the p-th root of u
in R, so that f(F; | F) = p and hence, by the degree formula, e(F; | F) = 1 for
i = 1,2. In particular ey = e(Fy | F) =1 and 'y, = T'p. On the other hand, in
characteristic p,
(y—x)P =y’ —aP =1,

so that L contains a p-th root of ¢ and therefore e(L | F3) > p. O

Thus the conclusion of Lemma fails, already for extensions of degree p, as
soon as the residue field extension of Fy | F is allowed to be inseparable: here it is
purely inseparable. This is also why [I2] Theorem 2] does not apply to the present
example any more than it does to the previous one, although the ramification index
of Fy | F is 1: tameness requires the residue field extension to be separable, and
not merely that chark {es.

4. DISCRETE RESIDUALLY ALGEBRAIC EXTENSIONS
The main result is Theorem for k, perfect, every DVR of K(X) extending
V and residually algebraic over it has the form V,, for an a € K transcendental over

K, with a € K exactly when the residue field extension is finite. We construct V,
in prove the theorem in settle in which case occurs, and illustrate

both in §4.4]

4.1. The valuation domains V,. For an element oo € K which is transcendental
over K we set

Vo ={¢ € K(X) | ¢(a) € O} = {¢ € K(X) | v(¢(a)) = 0},

which is well defined, since g(«) # 0 for every non-zero g € K[X], and which is
a valuation domain of K(X) lying over V, being the pullback of O N K(«) under
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the isomorphism K(X) — K(«a), ¢ = ¢(a). In particular V,, has rank one and its

value group is v(K(a)*). For a € K transcendental over K one has

Vi = Vo NK(X), (4.1)
in the notation of Section [2.4} both sides consist of the ¢ € K (X) with v(¢(c)) > 0,
and no rational function of K(X) has a pole at o, o being transcendental over K.

We stress that the rank two valuation domain ‘A/a,oo of K(X) and its rank one
contraction V,, = Va,oo N K(X) are different objects.

Remark 4.1. Let a € K\ K. Then « s transcendental over E, the field K being
algebraically closed, so that

Vo = {¢ € K(X) | v($(a)) = 0}

is defined; it is the pullback of O ﬂ?(a) under the isomorphism E(X) — ?(a),
hence a valuation domain of ?(X) of rank one lying over ;, and its restriction to
K(X) is V. Let 0 € G, extended by continuity to K as in (G2); then o maps K
onto itself, so o(a) € K\?, and

(Vo) = Vo(a)- (4.2)

Indeed, for ¢ € ?(X) one has (07'¢)(a) = o7 (¢(o(a))), whence, v being o-
movariant,

pea(Va) = v((0719)(@) 20 <= v(d(0(a))) 20 <= ¢ € Vo(a)-

Remark 4.2. Let a € K be transcendental over K. Then V, is a residually alge-
braic torsion extension of V to K(X). Indeed, the value group of Vg is v(K(a)*) C
v(K*) = I'y and its residue field embeds into the residue field k,, of Q, which is alge-
braic over k,. The same inclusion gives the rank: a non-trivial subgroup of 'y =
has mo non-trivial convex subgroup. This argument uses nothing special about Vy,:
being torsion over V. means precisely that Ty, lies in 'y, so that every torsion ex-
tension of V to K(X) has rank one.

The next lemma identifies the completion of K (X) with respect to V,, for v € K,
transcendental over K. It is what makes assertion (2) of Theorem independent
of the choice of a, through Corollary [£.4] and it will be used again in Remark [£.7]
and in Proposition Throughout, “closure” means closure in the v-adic topology,
not algebraic closure.

Lemma 4.3. Let v € K be transcendental over K and let C be the closure of
K(v) in K. Then the evaluation ¢ — ¢(v) identifies the completion of K(X), with
respect to the valuation associated with V., with C,; moreover K C C,,, and

C, =K() if’yE?, [C—YZI?]ZOO zfrygé?

In particular [C. : I/(\'] < oo precisely when vy € K.
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Proof. The evaluation ¢ — ¢(vy) is an isomorphism of the valued field K(X),
equipped with the valuation attached to V,, onto the subfield K(vy) of K with
the valuation induced by v; as a closed subfield of the complete field K, the field
C,, is complete, and it therefore realizes the completion of K(X) with respect to
that valuation. Note that K C K - K C K and that K , being complete, is closed
in K: the closure of K in K is thus K itself, and K C C,.

Suppose first that v € K. Then K (7) is a finite extension of the complete field K ,
hence is itself complete and so closed in K; as it contains K (y) we get C., C K(v),
while C,, is a field containing K and +, so that C;, = K(v) and [C, : K] < oo.
Suppose now that v ¢ K. Then veC,,s0[Cy: K ] < oo would make v algebraic
over K ; but every element of K algebraic over K lies in K , the field K being
algebraically closed. Hence [C, : K] = oo. O

Corollary 4.4. Leta € ? and B € K\? be transcendental over K. Then V,, # V.

Proof. Suppose V,, = V3. Composing the two identifications provided by Lemma
we obtain an isomorphism ¢: C, = Cj of valued fields which fixes K pointwise;
being an isometry, ¢ is continuous, hence it fixes pointwise the closure K of K.
Therefore ¢ is an isomorphism of extensions of K , and

[C.: K] =[Cs : K].

By Lemma [4.3] the left-hand side is finite and the right-hand side is infinite, a
contradiction. O

Remark 4.5. One cannot argue instead by comparing the extensions of V, to
I?(X), although XA/QVOO has rank two by and Section whereas Vi has rank
one by Remark [{.1. Such a comparison would require the two extensions to be
conjugate, and the transitivity statement (G1) of Section @ is available only over
K(X): the extension K (X) | K(X) 4s not algebraic unless K = K, since K | K is
transcendental whenever K is not complete.

4.2. The main theorem. We are now ready to prove the main result of this paper,
which generalizes [21] Corollary 2.28] and [20, Theorem 2.5].

Theorem 4.6. Let V be a DVR with quotient field K and perfect residue field,
and let W be a DVR with quotient field K(X) which extends V and is residually
algebraic over V. Denote by k., and k, the residue fields of W and of V.. Then:
(1) there exists o € K, transcendental over K, such that W = V,;
(2) for every such «, one has o € K [kw © ko] < 005
(3) when [ky : ky] = 00, every such « is the limit of a Cauchy sequence {sp} C
K with es, = [Ty : Ty] for all large n.

Proof. Since V is a DVR we have I', = Z; as W extends V, the group I';, is a
non-trivial subgroup of T'y, & Z, so that e := [[', : T',] < oo.

Assume first that [k, : k] < co. We recall the short argument of [20, Theorem
2.5], which in this case is quicker than the appeal to that theorem and needs no

separability. Put f = [k, : k], let L = I?(}) be the completion of K(X) with
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respect to w and identify K with the closure of K in L. Completions are immediate
extensions, so that e(L | K) = e and f(L | K) = f, both finite; for complete
discretely valued fields this forces [L : K | =ef < oco. Indeed, if wn,...,ws € Oy lift
a basis of k,, over k, and w is a uniformizer of L, successive approximation writes
every element of O as a convergent O gp-combination of the wil, 0 < j < e.

Hence X € L is algebraic over I?; any I?—embedding L — K is isometric, the
extension of v to K being unique, so that o := (X)) satisfies w(¢) = v(d(a)) for
every ¢ € K(X), that is, W = V,,. Moreover a € K is transcendental over K,

being the image of X under a field embedding fixing K, and the case o = oo of [20
Theorem 2.5] never arises. The perfectness of k, is not needed in this case.

Assume now that [k : k,] = oo; we shall produce o € K\ K with W = V.
One could adapt the arguments given in [21] for V' = Z,) by means of the notion
of stacked sequence; we give instead a shorter argument which uses minimal pairs
and results of [4].

Reduction, to the case K = K. Let K( ) and W be the completions of K (X) and
of W with respect to w. The restriction of w to K is v, so the closure of K in
I?(}) is a completion of K and K is canonically embedded in I?(}) Moreover
X is transcendental over K: otherwise K (X) would be a finite extension of K ,

hence complete, and, containing the dense subfield K(X), it would coincide with
I?(?) (see also [20, Lemma 2.4]); its residue field would then be finite over k,,
contradicting [k : ky] = 0o. In particular the field K(X (X) of rational functions over
K is contained 1n[?(?) Put W = WnEK(X X). Then W = WNEK(X ) WNK(X )
and W is a valuation domain of K( ) with WNEK=V.Since VCVandWCW
are immediate extensions of valuations, we have 'z = I', &2 Z and kg = k. ; hence
W is a DVR of K (X), residually algebraic over ‘A/, with residue field of infinite
degree over the residue ﬁeld k, of ‘7 and k, is perfect. Finally, the completion

of an algebraic closure of K = K is again K. It is therefore enough to prove the
assertion for W over V and we may and do assume from now on that K = K
is complete; note that (K, v) then satisfies the standing assumptions of Section
[l and that, k, being perfect, the separability hypothesis of Lemma [3.1] holds for
every finite extension of K’ no restriction on the characteristic is needed. In this
situation K = K is an algebraic closure of K and K is its completion, so that the
two notations of Section [2 coincide from now on.

The associated pseudo-convergent sequence. Let W be an extension of W to K(X),
which exists by [6, Ch. VI, § 8, Proposition 6] since K(X) is algebraic over K(X).
Since v has a unique extension to K, the restriction of W to K is necessarily V, so
that W is a common extension of V and of W. Then W is an immediate extension
of V: its residue field is algebraic over k,, because K(X) | K(X) is algebraic and
k., is algebraic over k,, and k, is algebraically closed; and I'y is a torsion extension
of the divisible group I';, hence equals it. The torsion assertion holds for the same
reason as the first: the extension K (X) | K(X) being algebraic, I'y;/I,, is torsion,
and Ty, contains I', with finite index e; so I'i/T', is torsion, and a fortiori so is
I's/T5.
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Following [4, p. 287] we fix a strictly increasing sequence {\,}n,en which is
cofinal in A := {w(X — a) | a € K}. Such a sequence exists and may be indexed
by N: indeed A C I'z & Q is countable, and A has no maximum. The proof
follows from the fact that W is immediate over V (see for example the proof of
[14, Theorem 1]), for the sake of the reader we repeat here the argument: suppose
that W(X — a),a € K were maximal; choosing ¢ € K with v(c) = wW(X — a),
which is possible because I'y = 'y = v(K ), the residue of (X — a)/c lies in
the residue field of W, which is k,, so it is the residue of some b € V, and then
wW(X —a—bc) > w(X —a), a contradiction. Being countable and without maximum,
A has cofinality w.

We can now associate to {\,} a sequence of minimal pairs, as in [4, p. 290, (21)].
For X\ € A set

d(\) =min{[K(a) : K] |a € K, W(X —a) > A},

which is a well-defined positive integer, and choose t,,, € K with wW(X — t,,) > A\
and [K(tm) : K] = d(A\p). Since W(X — t,,) > Ay and {A,} is cofinal in A, the
family {w(X — t;n)}men is cofinal in A, as well; we may therefore choose indices
m(1l) < m(2) < --- for which

Sn = tm(n)s Op i =w(X — sp) (4.3)

give a strictly increasing sequence {d, }nen, which is also cofinal in A as well. By
construction

[K(Sn) : K] = d()\m(n)) and )\m(n) < 5n (44)

Each (s, d,,) is a minimal pair in the sense of []: if b € K satisfies [K(b) : K] <
[K(s,) : K] and v(s,, — b) > §,, then

W(X —b) > min{w(X — s,),v(5, =)} > 6 > Ay

by , so that b competes in the definition of d(Ap,(n)) with a degree smaller
than that of s,,, a contradiction. We stress that the minimality must be taken with
respect to the inequality W(X — a) > Ay (n), and not with respect to the equality
wW(X —a) = J,: an element b of smaller degree with w(X —b) > §,, is not excluded
by the latter, the set A having no maximum. This matters because the definition of
a minimal pair (a,d) itself involves an inequality, namely [K(a) : K] < [K(b) : K]
for every b with v(b — a) > ¢; the selection by the equality W(X —a) = 0 is the one
found in the literature (see [4, p. 290, (21)] and the proof of [I9, Corollary 3.2]),
and it does not by itself yield a minimal pair. From

V(sn41 — $n) = W((X = s5) = (X = $p41)) = min{by,, 011} = 0,

it follows that E = {s,, }nen is a pseudo-convergent sequence of K. It is of transcen-
dental type over K because E does not have pseudo-limits in K (this follows from
[14], see also the comments on [22] p. 7962]): if a € K were a pseudo-limit of E, that
is, if v(a—s,) = &, for every n, then W(X —a) > min{w(X —s,),v(s,—a)} =, for
every n, so that the element wW(X — a) of A would be an upper bound for a cofinal
sequence of A, that is, a maximum of A, which we have just excluded. Furthermore,

Ve ={¢pe K(X)|d(s,) €V for all sufficiently large n € N}

‘ X pseudo-limit ‘

eq:minimal
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is a valuation domain of K (X) [I4, Theorem 2], [4, Remark 4.2], which is equal to
W. This follows immediately from [14, Theorem 2] since X is a pseudo-limit of F
by , for the sake of the reader we give a short and direct argument: clearly,
it suffices to show that w(f) = v(f(s,)) for every non-zero f € K[X] and every
large n. Write f = ¢[[;(X — r;) with ¢,r; € K. Each w(X — r;) lies in A, so
that 6, > wW(X — r;) for n large and for every ¢; for such n’s and i’s, we have
w(X —r;) = v(s, — ;). Summing the values yields wW(f) = v(f(sn)) for every
n € N large enough, and the same equality extends to K(X) by multiplicativity.
Since ¢ € Vg means precisely that v(¢(s,)) > 0 for n large, the claim follows.
Finally W = W N K(X).

The denominators of the 6, are bounded. For each n € N let v,, be the restriction
of v to K(sy) and let 'y, ky, be its value group and residue field, respectively. Since
W is residually algebraic over V and [[',, : T'y] = e < 00, it is a residually algebraic
torsion extension of V', and {(s,,d,)} is a sequence of minimal pairs defining w in
the sense of [4]. The result we use is [4, Theorem 2.3 b), ¢)], whose hypotheses are
three. First, the (s,,d,) must be minimal pairs of definition of the w, := w,, 5,,,
which we have just verified. Secondly, W = sup,, W,, which holds by [4] Theorem
4.1], since W(X — s,) = d, and {d,} is cofinal in A. Thirdly, W must not be
a residually transcendental extension of o; this is clear, W being an immediate
extension of V, so that ki = k,. The same statement, for several indeterminates
and for systems indexed by an arbitrary well-ordered set without last element, is
[19, Theorem 3.1]; the present case is that of one indeterminate, with I = N. Both
are proved for an arbitrary valuation of an arbitrary field, with no separability and
no characteristic assumption. In our notation it reads

n<m=1,Cl,, k, Ckpn,

Iy = UF"’ kw:Ukn§

neN neN

of these we shall only need the first line and the equality Iy, = |J,, I'n. We stress
that we do not appeal to [4, Theorem 5.1], nor to [I9, Corollary 3.2]: in both, the
system of minimal pairs is produced by the selection under the equality w(X —
a) = ¢ discussed above, which does not by itself yield a minimal pair, whereas
the hypothesis of [4 Theorem 2.3] and of [19, Theorem 3.1] is that the pairs be
minimal. The construction of {(s,,d,)} carried out above supplies exactly that
hypothesis. Since W is a DVR, I'y, &£ Z, so there exists ng € N such that I',, =T,
for every n > ng; in particular, e;, = [[', : T',] = e for every n > ng, in the
notation of Section Let n > ng. The element §, = v(Sp4+1 — Sp) lies in the
value group of the restriction v/, of v to K(sp,Sn+1). We apply Lemma with
F =K, F| = K(sp) and F5 = K(8,41); its hypotheses hold, since K is complete
with respect to a discrete valuation of rank one and the residue field extension of
K(s,) | K is separable, k, being perfect. Note that no separability is required of
K(sy) | K itself, and, what is essential, no tameness: the extensions K(s,) | K
might be wildly ramified in general, which is why the lemma had to be proved
without a tameness assumption. It gives e(K(sy,Sn41) | K(snt1)) < e(K(sn) |
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K) =e,, = ¢; therefore
e(v), |v) = e(K(sn,an) | K(sn+1)) -e(K(sn_H) | K) <e-e=c>

Put N = (e?)!. The group 'y, is a subgroup of I'y = Q containing I';, = Z with
index m,, < €2, so that my 'y C T'y; as my, divides N, this gives I'yy C %FU and in
particular 6,, € %FU for every n > ng. The strictly increasing sequence {0, }r>n,
thus lies in the infinite cyclic group %FU, so it is unbounded, that is, cofinal in I';.
(We do not know whether the sharper bound 4,, € %I‘U holds; only boundedness of
the denominators is needed here.)

Conclusion. Since v(sp+1 — Sn) = 0, tends to infinity, E is a Cauchy sequence
and converges to a unique o € K; moreover a ¢ K, since a pseudo-limit of E in
K has been excluded above (i.e., E is of transcendental type). For every non-zero
¢ € K(X) we have ¢(s,) — ¢(a) and v(¢(s,)) is eventually constant, so that
v(p(a)) = v(P(sn)) for n large; therefore

W="Vg={6cK(X)|v(@) >0} =V,

whence W = W N K(X) = V,. Going back to the initial setting, where K is not
necessarily complete, this reads W = {¢ € K(X) | v(¢(a)) > 0} and therefore

W=WnKX)={¢eK(X)|v(da))>0}=V,,

with a € K\E; in particular « is transcendental over K. The sequence {s,} C K
constructed above satisfies « = lim,, s, and e;, = e = [['y, : '] for n > ng, which
is assertion (3).

It remains to prove assertion (2). If [ky : ky] < oo, the first part of the proof
gives some «ag € K with W = Voo, and no 8 € K\ K can satisfy W = Vg, by
Corollary hence every a with W = V,, lies in K. If [k, : ky] = co and a € K
satisfied W = V,,, then by Lemma the completion of K(X) with respect to w
would be C, = K(«a), a finite extension of K; completions being immediate, k,,
would be the residue field of K(«) and hence finite over k,, a contradiction; hence

every o with W =V, lies in K \ K. O

By Remark for every a € K transcendental over K, the valuation domain
V, is a residually algebraic torsion extension of V', and Theorem says that the
class of valuation domains {V,, | o € K, « transcendental over K} and the class
of residually algebraic torsion extensions of V' have the same discrete members
(i.e., DVRs); note that the former class is contained in the latter by Remark
These two classes are not equal, however, and they fail to be so in both directions:
not every V,, is discrete (Example , and not every residually algebraic torsion
extension of V is a V, (Example [5.2).

Remark 4.7. The element o of Theorem[4.6] is unique up to the action of G, and
in particular the alternative in assertion (2) of the theorem does not depend on the
representative.

Proof. Let a € K be transcendental over K and let o € GG, extended by continuity
to K as in (G2). Since o fixes K and voo = v, we have v(¢(o())) = v(o(o(a))) =
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v(¢(a)) for every ¢ € K(X), so that V) = Vo. Conversely, let o, € K be
transcendental over K with V,, = Vj; by Corollary .4} either both of them lie in
K or neither does. In the first case o and [ are conjugate over K by [20, Theorem
3.2], hence 8 = o(«) for some o € G by (G1).

In the second case we first reduce to K = K ; we keep the notation C, of Lemma
. Let K ) be the completlon of K(X) with respect to the valuation associated
with W := V = Vj, let W be its valuation ring, and identify K with the closure

of K in it. Since « géAK, Lemma 4.3 gives [I?(Y) K] =[Ca K] 00; hence X is
transcendental over K, for otherwise K (X) would be finite over K, hence complete,
and, containing the dense subfield K(X), would coincide with I?(Y) The subfield
K(X) of K ( ) and the valuation domain W = Wnk (X) are therefore defined
intrinsically in terms of W, while the identification of l?(\) with C,, (resp., Cg),

carries I?(X) onto I?(a) (resp., I/(\'(ﬁ)), by evaluation; hence

{p € K(X)|v(6(e)) >0} =W = {¢ € K(X) | v(6(8)) > 0},

which is the hypothes1s with K in place of K.
Assume then K = K. By Remark |4.1] the rlngs V,, and Vg are two extensions

of V, to K(X), hence conjugate under Aut( ( ) | K(X)) = G; combining with
[4.2) we get Vs = o(Va,) = Vi (a) for some o € G. Writing v = o(«a), the equality

of these two valuation domains gives v(8 — s) = v(y — s) for every s € I/(L both

sides being the value of X — s. Since K is dense in K we may choose s € K with
v(8 — s) arbitrarily large, and then v(8 — ) > min{v(8 — s),v(y — s)} = v(B — 9)
is arbitrarily large; hence 8 = v = o(«). O

4.3. When each of the two cases occurs. The first case of Theorem [L8] is
governed by the completeness of K and the second by the size of k, over k,; both
can fail at once, and the class is then empty. Examples and show that
neither of the two hypotheses of Corollary can be dropped.

Pr0p0s1t10n 4.8. Let V, K and W be as in Theorem [[.6 and read X inside the
completion K( ) of K(X), which contains a canonical copy ofK Then

X is algebraic over K <= [ky : k] < 00.

In particular, if K is complete, then [k, : ky] = oo for every such W, and hence
aé K for every a with W = V.

Proof. If [ky : ky] < oo, then W =V, for some o € K by Theorem (1) and
(2), and ¢ — qb( ) is an isomorphism of valued fields K(X) — K(a); it therefore

identifies K ( ) with the completion K () of K (c), which is a finite extension of
K, and it carries X to o, an element algebraic over K. Conversely, if [kw : ky] = 00,
the reduction step in the proof of Theorem- 4.6| shows that X is transcendental over
K. For the last assertion, note that if K’ = K then X is transcendental over K by
definition. O
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Corollary 4.9. LetV be a complete DVR whose residue field is algebraically closed
or real closed. Then there is no extension of V to K(X) which is a DVR and
residually algebraic over V.

Proof. Such a residue field k, is perfect and satisfies [k, : k,] < 2 by the theorem of
Artin and Schreier [5l, Satz 4] (or see [15, Ch. VI, Corollary 9.3]). If W were such
an extension, Proposition would give [k, : k,] = oo, whereas k,, embeds into
k, over k, and hence [k, : k,] < 2. O

Completeness cannot be omitted in Corollary if K # K ,any a € K tran-
scendental over K belongs to the class, its value group v(K(a)*) lying between
T, = Z and v(K(«)*), which contains T, with finite index, so that V, is a DVR;
and it is residually algebraic over V' by Remark [£.2}

Remark 4.10. That alternative (2) of Theorgn degenerates over a complete K
is consistent with the fact that no element of K is then transcendental over K , and
it explains why the reduction step of the proof is needed only when [k, : ky] = oc.
Proposition[4.8|also refines the observation contained in the proof of [21], Proposition
2.24] in the case K = Q. For the provenance of the dichotomy itself, see Remark

b4 m
The case [k, : ky] = 00 of Theoremis not empty, and this is so for every DVR
whose residue field admits finite extensions of arbitrary large degree. In particular,

it is not empty in equal characteristic p, where K | K need not be separable.

Proposition 4.11. Let V be a DVR with perfect residue field k,. The following
statements are equivalent.

(1) [ky : ky) = 00.
(2) There is a € K\ K — necessarily transcendental over K, so that V, is
defined — with V, a DVR.
(3) There is an extension W of V' to K(X) which is a DVR and residually
algebraic over V., with [ky : ky] = 0.
These conditions hold precisely when k, is neither algebraically closed nor real

closed; in particular they hold whenever k, is finite, and whenever k, is a num-
ber field.

Proof. (1) = (2). Normalize v so that v(w) = 1, where 7 is the generator of the
maximal ideal of V fixed in Section recall that 7 is also a uniformizer of V.
Denote by Kur - K the maximal unramified extension of K , that is, the union of
the finite unramified extensions of K inside K& ; its value group is I';, and its residue
field is k.

Since k,, is perfect, k,, | k, is separable, and [k, : k,] = oo; hence k,, | k, has finite
subextensions of arbitrarily large degree, each of them simple. Choose inductively
elements a,, € k,, n > 1, with

[kv(ﬁ) :kv} > (nil)'Dn—la D, := [kv(ﬁl77ﬁ) :kv]
(and Dy = 1). Each @, is separable over k,, so there is a finite unramified extension
M®™ of K inside K with residue field ky (@), and the residue map Oy — ky (@)
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is surjective: choose a,, € Oy lifting @,,. Then a,, € K", and a,, is a unit, @,
being non-zero. Put

N e’}
SN = g anm", o= g anpm",
n=1 n=1

the series converging in K because v(a,7") = n; thus sy € IA((al, ..an) C K
and v(a — sy) = N + 1, the field K(aq,...,ay) being unramified over K as a
compositum of finitely many unramified extensions.

Claim 1. o ¢ K K. The sequence {sy} is Cauchy and contained in IA(‘”, S0 o

lies in the closure of K in K, whose value group is agam ry. Suppose a€ K.
Then e(K () | K) = 1; the residue field extension of K( ) | K is separable, k,
being perfect; hence K (o ) | K is unramified and o € K. Let then M be a finite
unramified extension of K containing o and put ¢ = [knr : ky]. For every N the field
My = MK(al, ...,ay) is unramified over K with residue field kn - ky(aq, ..., an),
of degree at most ¢ Dy over k,, and it contains both « and s . Hence (a—sy) /7N 1
is a unit of My, and its residue is ay+1, so that

(kv(@N71) : ko] < e Dy

For N > c this contradicts the choice [k,(@n11) : kv] > N Dy. Therefore a ¢ E,
and « is transcendental over K, every element of K algebraic over K being algebraic

over K and hence lying in K. In particular V,, is defined.

Claim 2. V, is a DVR. Since « lies in the completion of K , the proof follows
at once from Proposition [5.5] below; we glve here a different and direct argument.
Each sy lies in the unramified extension K (a1y...,an) of K whose value group
is T'y; hence v(f(sn)) € Ty for every f € K[X] Since sy — a and f(a) # 0
for f # 0, we have f(sy) — f(a) and therefore v(f(a)) = v(f(sy)) € Ty for N
large. The value group v(K(a)*) of V, is thus contained in T, and contains it, so
it equals I';, & Z; hence V,, is a DVR.

(2) = (3). Put W = V,. It is residually algebraic over V' by Remark and
discrete of rank one by hypothesis, and [k, : k,] = oo by assertion (2) of Theorem
since o ¢ K.

(3) = (1). The residue field k,, is algebraic over k,, hence admits a k,-embedding
into k,; therefore [k, : ky] > [ky @ ko] = oo.

Finally, by the theorem of Artin and Schreier [Bl Satz 4] (or see [15, Ch. VI,
Corollary 9.3]), [k, : ky] < oo holds only when k, = k, or [k, : k,] = 2, the latter
exactly when k, is real closed. O

The two cases that follow are instances of Proposition They bear on Corol-
lary as well: in both of them K is complete, so that completeness alone does
not empty the class, and what makes the class non-empty is that the residue field
F, has an algebraic closure of infinite degree over it.

Example 4.12. In the proof of Proposition one chooses elements @, € k,
with [k, (@y) @ ky] > (n — 1)Dy—1, where D,, = [ky(a1,...,ay) : ky] and Dy = 1.
We give two instances in which the @, may be taken to generate F,. over F,; in
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both, ¢,, denotes a primitive (p™ — 1)-th root of unity in IA(, so that (, is a unit

whose residue generates [F,.: (Section [2} roots of unity of order prime to p; here
!

m=p"» —1).

e V=0,K=K=0Q, K=0Q, K=C,, m=0p:

o= Zgnp" € C,.

n>1

o V=F,[t], K=K =F,((t)), = = t:

a=)Y Gt"eK

n>1

Here K is not perfect, so that K \ K is not separable and G = Aut(? | K )
is not a Galois group: this is the situation which is not covered by [21]
Corollary 2.28].
In both cases Dy = [F,» : Fp] = N! and [k, (any1) : ko] = (N +1)! > N - NI, as
required.

Remark 4.13. Theoremapplies in particular to the extensions W of V' to K (X)
which are DVRs containing the polynomial ring V[X]: each such W that is residu-
ally algebraic over V equals V,, for an « € K transcendental over K with v(a) > 0,
the inequality being equivalent to X € W. Comparing with the description recalled

and with (4.1]), such a W is, when « € K, ‘7%00 N K(X),
the rank two valuation domain ‘70‘700 being the one of Section M, whereas the
residually transcendental extensions of V' containing V[X] are the contractions to
K(X) of the monomial valuation domains ‘A/a,(; with ¢ finite. For V' = Z,) the
valuation overrings of V[X] lying over V are among the objects ordered, by means

at the end of Section

of MacLane’s construction, by Loper and Tartarone [16] in their study of the inte-
grally closed rings lying between Z[X] and Q[X]; Theorem identifies those of
them that are DVRs and residually algebraic over V.

4.4. Two families of examples. The two families that follow are the equal char-
acteristic realizations of the hypotheses of Theorem every object considered so
far can be written down explicitly in them, and we shall use them, here and in
to illustrate the results of the paper.

Example 4.14. Let F be a field and consider

(A) V =FIjt]], K = F((t)), with v the t-adic valuation and m = t;
(B) V = Flt](y), K = F(t), with f € F[t] irreducible and 7 = f.

Then the residue field of v is k, = F in case (A) and k, = k := F[t]/(f) in case
(B), so that in both cases k, is perfect precisely when F' is; moreover

(A) K=K, (B) Vk[z]], K=k(2), 2=f(t), K#K.

Thus the completion of (B) is an instance of (A), and the two families differ exactly
by completeness — which, by Proposition 4.8 is what decides between the two
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cases of Theorem [£.6] If F is perfect, writing x = k, and z for the uniformizer in
either case, the maximal unramified extension is

R =), Kw=w(2),

w!

k' running over the finite extensions of x inside K.

Proof. In case (B) the complete local ring V contains a field, hence admits a coef-
ficient field k C V by Cohen’s structure theorem ([1Q]; for F' perfect, k | F' is finite
separable and one may instead lift a primitive element by Hensel’s lemma, as in Step
1 of the proof of Lemma; expanding in powers of f then gives 1= k[[z]]. That
K # K follows from k((z)) having infinite transcendence degree over k, whereas K
has transcendence degree 1 over F' and k | F' is algebraic.

For the second display, x'((z)) | k((z)) has e = 1 (because the uniformizer
z is the same in both power series fields) and separable residue field extension,
hence is unramified; conversely a finite unramified M | K has residue field some
finite separable ¢ | k, and Step 1 of the proof of Lemma gives 8 € Oy with
M = K(0) = (((z)), where the last isomorphism follows as above by Cohen’s
structure theorem. Finally the union is dense in the complete field ((z)), the
truncations of a series over K having coefficients in a finite extension of «. O

The two cases of Theorem are distributed between the families in the sharpest
possible way, as the following pair of rings shows.

Example 4.15. Take F = C and compare V = C[[t]], of type (A), with V' =
Clt](4), of type (B) with f = ¢; the two have the same residue field C and the same
completion C((t)). Then there is no extension of V to C((¢))(X) which is a DVR
and residually algebraic over V', whereas the extensions of V' to C(¢)(X) which are
DVRs and residually algebraic over V' are exactly the V,, for the Puiseux series «
over C transcendental over C(t), all of them with k,, = k, = C. For instance

azzt"!, [szrv]zlv 5:Zt"!/27 [Fw:rv]:2>
n>1 n>1
where w is the valuation associated to V,,, Vg, respectively. The first of them gives
W = {¢ € C(t)(X) | ¢(a) € C[[t]]}, the construction over C[t]y C C[[t]] that
corresponds, in equal characteristic, to the one over Z,) C Z,.

Proof. The first assertion is Corollary the ring C[[t]] being complete with al-
gebraically closed residue field. For the second, let W be such an extension of V'
to C(t)(X); its residue field embeds into k, = C over k, = C, so that k, = C,

[kw : ky] = 1, and Theorem |4.6| gives W =V, for an o € K transcendental over K.

Conversely, every such « yields a DVR, as observed after Corollary and K , the
algebraic closure of C((t)), is the field of Puiseux series over C by the theorem of
Newton and Puiseux (see for example [26], Ch. IV, §2, Proposition 8]).

Let a, = 1 if n = m! for some m > 1 and a,, = 0 otherwise, so that o =
Y >0 ant™. Assume to the contrary that o is algebraic over C(t). An algebraic
power series is D-finite [27, Theorem 6.4.6], so the sequence {a,} is P-recursive
[27, Proposition 6.4.3] and, hence there are polynomials py, ..., p, € Cly], for some
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r > 0, with p, # 0, such that p.(n)an+, + -+ + po(n)a, = 0 for every n > 0. Let
N be an integer such that p.(n) # 0 for all integers n > N and choose m with
m! > N and (m+ 1) — m! > r. Then ami41 =+ = ami4r = 0, and applying the
recurrence successively at n = m!+1,m!+2,..., where p.(n) # 0, gives a,, = 0 for
every n > m/!, against a(,41)y = 1. Hence « is transcendental over C(t). The same
argument shows that § is transcendental over C(¢'/?) and a fortiori over C(t). O

Example 4.16. The second bullet of Example is of type (A) of Example
with F' = F,; the first is not, Z, being of mixed characteristic. In characteristic
zero one may take V = Q[[t]] and

a=Y 2" e K\ K,
n>1
the check being that of Example since Q(2Y/",...,2/N) = Q(2V/N') has
degree N! over Q. Here I'y, = I'y = Z, and [k, : ky] = oo by Theorem [4.6)(2), «
not lying in K.

Taken together the two examples delimit Corollary [£.9] from both sides, and
independently of one another: Example [£.15] shows that the hypothesis of com-
pleteness cannot be dropped, the class over C[t];) being infinite while the one over
the complete C[[t]] is empty, and Example shows the same of the hypothesis
on the residue field, over a base which is complete.

5. THE HYPOTHESIS OF DISCRETENESS

We now establish the two failures recorded after the proof of Theorem (.6 in
the following two examples. For o € K transcendental over K, the domain V, is
a DVR, as was observed after Corollary for a € K\ K , that argument breaks
down, and discreteness may indeed fail; about this fact see also [2I, Remark 2.18 &
Theorem 2.26]. The example that follows exhibits, over Q,,, an « for which the value
group of V,, contains elements of arbitrarily large denominator and is therefore not
cyclic.

Example 5.1. Let p € Z be a prime, V = Z,, K = Q,, so that K= K, K= Q,
and K = C,, 7 = p, and normalize v so that v(p) = 1. Fix a prime ¢ # p and
a compatible system {0,},>1 C Q, of {-power roots of p, that is, 6" = p and
0° = 0,,_, for every n > 1, where 6y = p, so that v(#,) = £~" and 6,, = (HN)ZNW €
Q,(0n) for every n < N and let

N [e%s)
T
Uy = p" Oy, SN = E Un, a= E U,
n=1 n=1

By our assumption, we have sy € Q,(0n) for every N € N. Since v(u,) =n+£¢~"
is strictly increasing and tends to infinity, the series converges in C,, that is a € C,,.
Then « is transcendental over Q,, the valuation domain Z,, , is a residually algebraic
torsion extension of Z, which is not discrete, and Q,(sy) = Q,(0n) for every N,

so that e, = ¢~ are unbounded.
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Proof. We have v(a —sy) = v(uny1) = N + 14+ £~ 0+ We claim that the value
group I' = v(Q,(a)*) of Zy . is not discrete. Note first that this forces a to be
transcendental over Q,, because a finite extension of Q, has a discrete value group;
in particular Z, . is defined, and it is then a non-discrete torsion extension of Z,,
and it is also residually algebraic over Z, by Remark

As ¢ # p, we have 7(6,,) = (6, for some ¢-power root of unity ¢ # 1 whenever
7 is a Qp-embedding of Q,(fy) into Q, with 7(6,,) # 6,, (indeed 6,, = (GN)ZNW
lies in Q,(fy), so that 7(0,) is defined; and 7(0,)"" = 7(p) = p = 0", whence
¢ =1),and v(1 —¢) =0 by Section hence, for every n < N, v(6, —7(6,)) =
v(0,) = £~™. Let 7 # id be such an embedding, so 7(0y) # On. In particular, the
set {n < N | 7(0,) # 6,} is non-empty; the values n+ ¢~ are pairwise distinct, so
we obtain

v(sy —7(sy)) =min{n+ £ | n < N,7(0,) #60,} <N+ 7V, (5.1)

Recall that Q,(sn) € Qp(f0n). In particular 7(sy) # sy, so that Q,(0x) admits
no non-trivial Q,(sn)-embedding and therefore Q,(sn) = Qp(On). As Q,(0n) | Qp
is totally ramified of degree £V, we get e, = (V.

Let now my € Qp[X] be the minimal polynomial of sy and let o run over
the distinct Qp-embeddings of Q,(sx) = Q,(fxn) into Q,, so that v(my(a)) =
Yoo v(a—o(sn)). For o #1id, gives v(sy — o(sy)) < N + 07N <v(a —sy),
so that v(a — o(sy)) = v(sy — a(sn)), a value of the form n + ¢~" with n < N
and therefore lying in /~VZ. Consequently

1
v(my(a)) = (N +1+ W) +an with € N7,

an element of I' whose denominator is exactly ¢V *!. As N € N is arbitrary, T is
not contained in £~NZ for any N, hence it is not cyclic; that is, Zp,« is not discrete,
as claimed. O

Example[5.1]settles the first of the two failures but not the second. The valuation
domain it produces is a V,,, and by Remark[4.2]it is also a residually algebraic torsion
extension of V'; it therefore lies in both classes and does not separate them. What
is needed is a residually algebraic torsion extension of V' which is not of the form
V., and the next example produces one.

Example 5.2. Let p be a prime. There exists a torsion extension W of Z, to
Q,(X) which is residually algebraic over Z, and which is not of the form Z, . for
any a € C, transcendental over Q,. Such a W is not a DVR; in particular, the
hypothesis that W be a DVR cannot be omitted in Theorem [4.6]

Proof. The field C, is not spherically complete [25] § 3.4], so that there is a nested
sequence of balls B,, = {z € C,, | v(z—¢,) > d,,}, with {d,,} C Q strictly increasing,
whose intersection is empty. Then the sequence {c,} is pseudo-convergent with
v(Cpt1 — Cn) = Op, and its pseudo-limits are exactly the points of ﬂn B,,; hence it
has none in C,. Note that {0, } is necessarily bounded: were it unbounded, {c,}
would be a Cauchy sequence and its limit in the complete field C, would lie in
every B,,. By density, we can choose elements s,, € (@, with v(s,, — ¢,) > d,: then
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E = {s,} is a pseudo-convergent sequence of Q, with v(sp+1 — $p) = 6,, and E
has the same pseudo-limits as {c, }, hence none in C,.

Since Q,, is algebraically closed, a pseudo-convergent sequence of algebraic type
over Q, admits a pseudo-limit in Q, [I4, Theorem 3]; therefore E is of transcen-
dental type over Q, and

W =7y, ={¢ € Qy(X) | ¢(sn) € Z, for all sufficiently large n}

is a valuation domain of Q,(X), an immediate extension of Z,, with w(X —s,,) = d,
for every n ([I4, Theorem 2]). The set A = {w(X —a) | a € Q,} is bounded: for
a € Q, one has W(X — a) = v(a — s,) for all large n, a value which is eventually
constant and smaller than §,,, since a is not a pseudo-limit of F; hence A is bounded
above by sup,, d, < co. This is precisely the configuration discussed in Remark
Set W = W NQy(X). Then WNQ, = Z, and, the extension W | Z, being
immediate, I'y, C Tg =T'y = Q and ky C kg = ky = IFT,; hence W is a residually
algebraic torsion extension of V.

Suppose that W = Z, ,, for some a € C, transcendental over Q,. Then « ¢ @p,
so that by Remark the valuation domain Z, , of Q,(X) is defined and restricts
to Zp.o = W on Q,(X). Since Q, is complete, Q, | Q, is algebraic, hence so is
Qp(X) | Qu(X), and the latter is quasi-Galois (indeed Galois here, charQ, = 0;
only the transitivity (G1), which needs no separability, is used). Therefore W
and Zj, o, being two extensions of W to it, are conjugate: W = o(Z, o) for some
o € Aut(@,(X) | Qy(X)), by (G1) of Section [2} By ([@2), W = Z, y(a). Writing
B = o(a), we obtain

On =W(X —s,) =v(8 — sp) for every n € N,

that is, 3 is a pseudo-limit of E in C,, against the choice of E. Therefore W # Z,, .,
for every «, and W is not discrete by Theorem O

—

Corollary 5.3. Let W be the extension constructed in Ea:ample and let Q,(X)

be the completion of Q,(X) with respect to W. Then Q,(X) admits no isometric
Qp-embedding into C,; equivalently, it is not isomorphic, as a valued field over Qp,
to any complete field L with Q, C L C C,,.

—

Proof. Suppose ¢: Qp(X) — C, were an isometric Q,-embedding and put = =
¢(X). Then x is transcendental over Q,, ¢ being injective, and w(¢) = v(c(¢)) =
v(¢(z)) for every ¢ € Q,(X); hence W =V, against Example Conversely an
isomorphism onto a complete field L with Q, C L C C,, followed by the inclusion
of L in C,, would be such an embedding. O

Remark 5.4. Corollary contradicts [I3} Proposition 1], which asserts that the
completion of Q,(X) with respect to any residually algebraic torsion extension of
v is isomorphic to a complete field between Q, and C,, — which in Example
is the same as between Q, and C,, the field Q, being complete. The isomorphism
there is topological, as the proof of [I3 Proposition 1] makes explicit, so that the
two statements do bear on the same thing. The extension of Example is torsion
and residually algebraic, so the proposition does apply to it. The proof given
there passes from a sequence {(an,d,)} of minimal pairs defining w to the element
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x = lim,, a,, of C,, and so needs {a,} to be Cauchy, that is, the §,, to be unbounded,;
what the construction of [4] provides is only that they increase without attaining
a limit in 'y =2 Q, which leaves them possibly bounded. Under the additional
hypothesis that they be unbounded the conclusion is correct, and by the proof of
Theorem discreteness of W is one way of securing it; [I3] Theorem 3], whose
sequence satisfies v(an4+1 — apn) > n, is unaffected. No standing hypothesis of [13]
excludes Example the field Q, is perfect, carries a valuation of rank one, and

has K denumerably generated over K. u

It remains to characterize the a@ € K for which V, is a DVR. To this end, we
consider the elements of K of bounded ramification, namely:

K’ = {a €K | e, < 00}.

Clearly, K C K", by the remarks in Section However, this containment is
strict, by Proposition [I.11] and, by Example some condition is needed. The
following proposition shows that the elements of KP* which are transcendental over
K are precisely those for which V, is a DVR and what governs discreteness is
the ramification of the algebraic elements approximating «. It also settles a point
left open by Example discreteness is characterized there by the existence of
some approximating sequence with bounded ramification indices, so that, as V,
is not a DVR in that example, no such sequence exists for that « at all, and the
unboundedness of e;,, = ¢V computed there is not an accident of the sequence
chosen. We mention that for V' = Z,) the set of a € C,, for which Z, ., is a DVR
is denoted by (C';r in [21, Remark 2.18 & Corollary 2.28]. The following proposition
generalizes [21], Proposition 2.20].

Proposition 5.5. Let V be a DVR with perfect residue field and let o € K be
transcendental over K. The following conditions are equivalent.

(1) a e K.

(2) V, is a DVR.

(3) There exists a Cauchy sequence {sp}nen C K converging to o and with

{es, tnen bounded.

The implication (3) = (2) holds without the hypothesis that the residue field of V
be perfect.

Proof. Let a € K be transcendental over K. In this case the evaluation map
#(X) — ¢(«) is an isomorphism from K(X) to K(«) and V, is by definition the
pullback of O N K(a) under this evaluation map. In particular, V, is a DVR if
and only if O N K () is a DVR. Since K (o) C K(a) is an immediate extension
(for example because K («) is contained in the completion of K («)), it follows that
0N K(a) is a DVR if and only if O N K () is a DVR. Thus, we have shown:

V, isa DVR <= 0N K(a)is a DVR <= 0N K(a) is a DVR (5.2)

(1) = (2) Suppose now (1) holds, that a € K", that is, e, < oo and «a is
transcendental over K. This is equivalent to saying that O N K («) is a DVR, since
I", has finite index in the value group of this valuation domain by assumption. By

(5.2), Vi, is a DVR, so we have (2).

‘equivalence DVRs
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(2) = (3). By Remark the extension V,, of V is residually algebraic, and
it is a DVR by hypothesis, so Theorem applies to W = V,. If [k : ky] < 00
then o € K by that theorem, and the constant sequence s, = « satisfies (3), with
the convention v(0) = oco. Assume [k, : k,] = oo and put e = [I', : ['y]. By
assertion (3) of Theorethhere are o € K with Vs = W =V, and s/, € K with
o = liTans’n and e(K(s,) | K) = e for all large n. By Remark there is 0 € G

with o/ = (). Put s, = 0~!(s,) € K. Since o is an isometry of K fixing K
pointwise, extended by continuity to K,

v(a—sp) = v(o(a) —s,,) =v(a —s),) = oo,

1

while 0~ carries K (s],) onto K(s,) preserving v, so that

es, =eg < e

for all large n. Enlarging the bound to accommodate the finitely many remaining
indices, the sequence {s,} satisfies (3).

3)= (1) Ifac K then clearly a € K. Suppose that o ¢ K, so, in
particular, « is transcendental over K. Let M bound the es, , so that U(I?(Sn)x) =
LT, C 3T, for every n. Let f € I/(\'[X] be non-zero. Then f(a) # 0, a being

transcendental over K, and f(s,) — f(a), so that v(f(a)) = v(f(sn)) € Ly for
n large. Hence the value group v(IA( (a)*) of V, is a subgroup of ﬁfv containing
I',, therefore infinite cyclic, so eq < 0o and « € KP'. Perfectness of the residue
field has not been used. O

Remark 5.6. Proposition [5.5]is a criterion bearing on « alone, but it is expressed
through ramification indices, and one may ask whether the degrees suffice: is the
discreteness of V,, detected by the degrees [K(s) : K| and the values v(a — s),

for s € K , without reference to the ramification indices? The naive form of this
question has a negative answer. In Example [4.12] the sequence exhibited there

has es, = 1, whereas there is no sequence t,, € K at all with vl — ty,) — 00
and [K (t,) : K] bounded, since K is locally compact and such a sequence would
force a to be algebraic over K ; so the degrees cannot simply be substituted for the
ramification indices in condition (3). Example gives no evidence either way:
there K (sy) = K(fy) is totally ramified over K, so that [K(sy) : K] = es, = ¢V
and the two conditions coincide. Whether some other condition on the function
s ([K(s) : K],v(a — s)) would do, we do not know. m

Theorem and Proposition [5.5| now combine into a single description of the
extensions of V' to K (X) which are DVRs and residually algebraic over V; this is the
form in which the two results are most conveniently used, and the one announced
in the introduction. Before stating it we record how large the class so described is.
Both cases of Theorem occur, and one can say exactly when each of them does:
the case a € K arises precisely when K is not complete, by Proposition and
the case o ¢ K precisely when [k, : k,] = oo, by Proposition In particular
the class is empty altogether when K is complete and k, is algebraically closed or
real closed, by Corollary
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Corollary 5.7. Let V be a DVR with perfect residue field. The extensions of V.
to K(X) which are DVRs and residually algebraic over V are exactly the valuation
domains Vo, where o runs over the elements of K transcendental over K for which
there is a sequence {s,} C K with v(a — s,) — 00 and {es } bounded; and oo € K
precisely when the residue field extension is finite.

Proof. Combine Theorem [£.6] Remark [£:2] and Proposition [5.5 O

We prove now that the set K ' is actually a subfield of K. For the next result,
we consider K, the maximal unramified extension of K in K (which is the com-
positum of all the unramified extensions of KinK ) and K" its completion, which

is a subfield of K. That is, K" = K ur: the completion of the maximal unramified
extension of a finite extension F of K is written Fur , as in Theorem Note that
the value groups of K , K and K™ are the same and they are equal to I",, (which
is isomorphic to Z).

Theorem 5.8. Let V be a DVR with perfect residue field. Then the set Kb is
equal to the algebraic closure of K* in K. More precisely, for any a € K", the
extension K“ C K% (a) is totally ramified. In particular, K" is a field.

Proof. Let o € K be algebraic over K". Then, the extension K" C K" (a) is
finite, so in particular, the value group of K" () is discrete. Since K (o) C K" («)
it follows that the value group of K () is discrete, that is, e, < co. By definition,
a € KPr. o

Conversely, let o € KP*. We consider the field F,, = K (o) N K and its subfield
F, N K U which is the maximal unramified extension of K in F,. In particular,
since k, is perfect, the residue fields of F,, and of F, N K are the same: every
element of the former is separable over k, and lifts, by Hensel’s lemma as in Step 1
of Lemma to an unramified subextension of F, | K; see also [I7, Ch. II, §7]

and [26, Ch. III, §5]. By [13, Theorem 1], I, = IA((oz), and the value group of
the right-hand side of the last equality is discrete by assumption. Moreover, since,

by the previous paragraph, ﬁ; and F, N K have the same residue field, and the
respective valuation domains are complete DVRs, by [20, Lemma 2.4], the extension

F,N Kuwr C ]/*_'; is finite. In particular, « is algebraic over F,, N IA(‘“, so, a fortiori,
it is algebraic over K", as claimed.

It is well-known that the residue field of K is equal to k°P (see, for example,
Step 1 of the proof of Lemma , hence to k,, an algebraic closure of the residue
field of K , the field k, being perfect. In particular, the residue field of K" is equal
to k,. Since we have just shown that for every o € KP* the extension K" C K% (a)
is finite and the residue field of the bottom field is the algebraically closed field k,,, it
follows that K" (c) has residue field equal to k,. Thus, the extension K% C K% ()
is totally ramified.

The last claim is now straightforward. O

The following is an alternative and useful characterization of the field K", viewed
as the union of a directed family of the completions of the maximal unramified



ex:puiseux

APPROXIMATING DVRS 27

extensions of all the finite extensions of K. As before, given a finite extension F' of
K , we denote by F"" the maximal unramified extension of F' in K.

Theorem 5.9. Let V' be a DVR with perfect residue field. Let K be the family of
all finite extensions of K. Then
K" = ] P
FeKk

Proof. Let I' € K and « € Fur, By definition, there exists a Cauchy sequence
{8n}tnen C F"™ converging to . Considering the tower of extensions K C F C

F' C K, we sce that the ramification index e(F" | K) is equal to e(F | K).
Hence, {es, }nen is bounded by e(F | K), so by Proposition a € Kbr,

Conversely, let o € K. By Theorem « is algebraic over K*". Assume first
that « is separable over K*" and denote by g € K“'[X] its minimal polynomial.
If fe K “r[X] is a polynomial of the same degree as g and sufficiently close to
g, then f is irreducible and K*"(a) = K% (o), where o’ is a root of f(X) ([I5
Ch. XII, Proposition 2.5], a consequence of Krasner’s lemma). By construction, o’
is algebraic over K", soitisin K. Put F = K(a’) € K. Then K% (o/) = K""-F =
FT; the extension KU | K is unramified, hence so is Kuwr . F | F' by base change
(Step 2 of the proof of Lemmau7 which gives Kw.FCF ur. conversely the residue
field of a finite unramified extension of F' is a finite extension of k,, separable since
k., is perfect, so it is the residue field of a finite unramified extension of K by Step 1
of the same proof, whence F*" C K¥" . F. Finally, K“"(a/) is a finite extension of
the complete field K", hence complete, and F" = Kur (o) is dense in K" (&),
because K" is dense in K¥; therefore o € K () = K¥ (') = Fur,

In general, let p™ be the inseparability degree of a over K¥", so that v := o?"
is separable over K%, and vy € K", the value group of K“ () being contained
in the discrete value group of K*"(«). By the case just treated there is Fy € K
with v € F/’f\r; we may assume m > 0, so that char K = p. As in Example
F/'lu\r = ky((w)) for a uniformizer w of F;, the residue field k, being perfect. Put
F = [ (w!'/?™) € K. Then Fur = ky((@w!/P™)) contains a p™-th root of every
element of k,((w)), again because k, is perfect; hence o = v/P" € Fur, O

Neither Theorem nor Corollary says what KP' is in a concrete instance.

For the two families of Example [£.14] it can be named outright, in characteristic
zero, and Corollary [5.7] becomes a statement about Puiseux series.

Example 5.10. Keep the notation of Example and let char F' = 0. Then K"
is the field of Puiseux series over &:

Kb — U E((zl/N))) while K= U UKI((Zl/N)))
N2l N>1 k'’

the inner union being over the finite extensions «’ | k. Consequently the extensions
of V to K(X) which are DVRs and residually algebraic over V are exactly the V,
for the Puiseux series

a:Zanz”/N, a, €%, N € N is fixed
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that are transcendental over K; the index [I', : T',] divides N, and [k, : k] is
finite precisely when the a,,’s generate a finite extension of k. Example is the
case k = K = C of this description and Example is the case Kk = Q, N = 1.
The hypothesis on the characteristic cannot be dropped: in characteristic p, the
algebraic closure of %((z)) strictly contains the Puiseux field, by an example of
Chevalley [T, §2] (or see [9, p. 64]), and already the roots of Y? — Y = 27! lie
outside it.

Proof. The field K is algebraically closed, being the completion of the algebraically

closed field K of rank one, so Theorem implies that KP* is an algebraic closure of
K" the last field being equal to ®((2)) by Example By the theorem of Newton
and Puiseux ([26], Ch. IV, §2, Proposition 8]), the algebraic closure of B((z)) is equal
to the displayed Puiseux field, since the residue field & of ®((2)) is algebraically

closed. The description of K follows from the same theorem applied to K=~ k((2)),
once one knows that every finite extension E of F = k((z)) is contained in «/((z'/N))
for a suitable finite extension &’ | k and a suitable N > 1; the containment cannot in
general be replaced by an equality, as the example E = Q((z))(v/22), whose residue
field is Q, already shows. To see it, put N = e(F | F'), denote by Of the valuation
ring of F, and let x{, be the residue field of E, a finite and hence separable extension
of k. Lifting a primitive element of x{, by Hensel’s lemma, as in Step 1 of the proof
of Lemma[3.1] we obtain a copy of { inside O, so that x{((z)) C E and E | k{((2))
is totally ramified of degree N. Let 7 be a uniformizer of E and write z = un®™ with
u € OF; let @ € k) have the same residue as u. The unit u/u has residue 1, and N
is invertible, k having characteristic zero, so Hensel’s lemma provides an N-th root
of u/t in E. Setting v’ = s} (a*/N) and p = a*/N (u/u)"/N1 € Ex' we get pVV = 2,
whence E C Ex’ = &/((2))(p) C &'((2*/N)). Conversely, each #'((z'/N)) is a finite
extension of F, of degree [x' : k] N, and the description of K follows.

The description of the extensions announced in the statement now follows from
Corollary KP* having just been identified with the Puiseux field; an a as dis-
played lies in &((2'/")), whose value group is +I',, whence the assertion on the

index, and it lies in ? precisely when its coefficients lie in a single finite extension
of r, which by Theorem [4.6](2) is the condition on [k, : ky). O

The one hypothesis of Corollary [5.7] that we have not been able to dispense with
is the perfectness of the residue field, and we close the paper with the following
question it raises.

Question 5.11. Does Theorem [4.6] hold when the residue field of V' is not perfect?

We can at least say where the hypothesis is used. In the proof of Theorem [£.0] it
serves only to guarantee the hypothesis of Lemma that is, the separability of

the residue field extensions of the finite extensions K (s) | K, s € K; by Example
that hypothesis cannot be removed from Lemma [3.1] itself, so the present strategy
of proof does not extend, but we know of no counterexample to the statement of
the theorem. The smallest case to test is V' = kq[[t]] with ko = Fp(u), the field of
Example 3.3] itself.
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The same question has a second side. Proposition [£.11] uses perfectness indepen-
dently of Lemma so an affirmative answer would not remove the hypothesis
by itself from the results of this paper; and there is more lost. For k, imperfect,
the extension k, | k, is inseparable, so that the unramified extensions on which the
construction rests are no longer available and the implication (1) = (2) of Proposi-
tion breaks down. Only the implication (3) = (1), which uses no separability,
survives, and we do not know whether over such a V' there is any W as in Theorem

[4.6) with [ky, : ky] = oc.
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