GEOMETRIC CONFIGURATION OF INTEGRALLY
CLOSED NOETHERIAN DOMAINS

GYU WHAN CHANG AND GIULIO PERUGINELLI

ABSTRACT. In this paper, we completely describe the family of inte-
grally closed Noetherian domains between Z[X] and Q[X]. We accom-
plish this result by classifying the Krull domains between these two
polynomial rings. To this end, we first describe the DVRs of Q(X) ly-
ing over Z) for some prime p € Z, by distinguishing them according to
whether the extension of the residue fields is algebraic or transcendental.
We unify the known descriptions of such valuations by considering ul-
trametric balls in C,, the completion of the algebraic closure of the field
Qp of p-adic numbers. We then study when the intersection R of such
DVRs with Q[X] is of finite character, so that R is a Krull domain, and
we finally compute the divisor class group of R. It turns out that such a
ring is formed by those polynomials which simultaneously map a finite
union of ultrametric balls of C, to its valuation domain O, as p € Z
ranges through the set of primes. By a result of Heinzer, the Krull do-
mains of this class are precisely the integrally closed Noetherian domains
between Z[X] and Q[X]. This novel approach provides a geometric un-
derstanding of this class of integrally closed domains. Furthermore, we
also describe the UFDs between Z[X] and Q[X].
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INTRODUCTION

Let X be a topological space, C be the field of complex numbers and
C(X,C) be the ring of continuous complex-valued functions on X. Then
C(X,C) is a commutative ring with identity. It is known that C(X, C) is an
integral domain if and only if X is irreducible, i.e., X cannot be expressed
as a finite union of proper closed subsets. It is also known that C(X,C) is
Noetherian if and only if X is a finite set, and in this case, if X is Hausdorff,
then C(X,C) = CX| which is a zero-dimensional Noetherian ring. The
class of Noetherian domains is of the utmost importance in all areas of
mathematics and especially in commutative algebra and algebraic geometry.

Let Q be the algebraic closure of Q and X be an indeterminate over C,
then we have the following diagram of subrings of C(C, C):

Q[x]
/ \
Z1X] — Q[X] ClX]—C(C,C)
\ /
R[X]

Although C(C,C) is neither an integral domain nor a Noetherian ring,
C(C,C) contains the Noetherian integral domain C[X]. Hence, we can ask
whether we can classify the Noetherian subrings of C(C,C). However, it
seems to be a very difficult task, so in this paper, as the first step in a long
journey towards that end, we will classify all integrally closed Noetherian
subrings of Q[X] containing Z[X]. For this purpose, we describe the Krull
domains between these polynomial rings. We now recall the definition of
this class of integral domains.

An integral domain is said to be a discrete valuation ring (DVR) if it is
a principal ideal domain with exactly one nonzero prime ideal; equivalently,
it is a Noetherian valuation domain that is not a field. Let D be an integral
domain with quotient field K and X'(D) be the set of height one prime
ideals of D. Then D is a Krull domain if the following three conditions are
satisfied:
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(@) D= N Dp,
PeX(D)

(b) Dp is a DVR for all P € X!(D), and
(c) each nonzero nonunit of D is a unit of Dp for all but a finite number
of P € X1(D).

The class of Krull domains includes Dedekind domains, unique factorization
domains (UFDs), the integral closure of a Noetherian domain, and poly-
nomial /power series rings over a Krull domain (see, for example, [13] and
[T4]). In particular, if D is a field, then X'(D) = (), so it satisfies the three
conditions of a Krull domain. Thus, a field is a Krull domain.

Let Z be the ring of integers, Q be the field of rational numbers, and X
be an indeterminate over Q. Following [10], we say that a subring of Q[X]
containing Z[X] is a polynomial overring of Z. In [27], Peruginelli called a
polynomial overring of Z a polynomial Dedekind domain if it is a Dedekind
domain. He then characterized a polynomial Dedekind domain with the
property that its residue fields of prime characteristic are finite fields, and its
Picard group. Later, in [28], Peruginelli completely classified the polynomial
Dedekind domains R by removing the condition on the cardinality of the
residue fields; in particular, he showed that R is equal to a ring of integer-
valued polynomials over an algebra. In this paper, we say that a polynomial
overring of Z is a polynomial Krull domain if it is also a Krull domain and
we are going to completely characterize the polynomial Krull domains which
allows us to give a complete characterization of integrally closed Noetherian
domains that are subring Q[X] containing Z[X].

It is known that D is a Krull domain if and only if there exists a family

F of distinct DVRs with quotient field K such that (i) D = () V and (ii)
VeF
every nonzero element of D is a unit in all but a finite number of rings in

F [23, Proposition 3], and in this case, F' is called a defining family for the
Krull domain D.

Let E be the ring of entire functions. Then £ = [\ Eg, Eg is a
QeX!(E)

DVR for all @ € X!(E), but the intersection E = (] Eg is not of
QeEX(E)

finite character, i.e., E' does not satisfy the condition (c¢) of Krull domains,
so F is not a Krull domain. Hence, in order to characterize the polynomial
Krull domains, we first classify the DVRs of Q(X), then we have to prove
when a family of such DVRs has the finite character property (i.e., property
(c) above).

Let W be a DVR of Q(X) with maximal ideal M. Then either WNQ = Q
or WNQ = Zg, for some prime number p € Z. It is well known that
WNQ = (0) if and only if W = Q[X]sq[x) for some irreducible f € Q[X] or
W = @[%}(%) (see for example [I1]). In this paper, we are mostly interested

in the case W NQ = Z,). In [2§], the second-named author of this paper
completely classified the DVRs (W, M) such that W/M is algebraic over
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Z/pZ. In this paper, we will recall the classification of the DVRs (W, M)
such that W is a residually transcendental extension of Z,, i.e., W/M
is transcendental over Z/pZ, along the line of the work of Alexandru and
Popescu ([1]). This paper consists of five sections including the introduction.
In Sections 1. and 1.2, we first review the notion of the ideal factorization
property of Krull domains, the divisor class group of Krull domains and rings
of integer-valued polynomials, which allow us to have a nice representation
for these class of polynomial Krull domains. In Section we recall the
notion of monomial valuation, which is a standard way to extend a valuation
domain V' with quotient field K to the field of rational functions K (X)
and we use it in order to describe the set Wi of residually transcendental
extensions of V' to K(X). In Section we show how it is possible to
parametrize the elements of W,; by means of ultrametric balls in K with
respect to a fixed extension U of V. It is well-known that a residually
transcendental extension W of V' to K(X) is a torsion extension of V| i.e.,
the value group of W is torsion over that of V. We study in Section |2| the
ordering of torsion extensions Wi, Ws of V' to K(X), that is we say that
Wy < Wy if Wy N K[X] € Wen K[X]. If this happens, in particular we
have Wy N Wy N K[X] = Wi N K[X]. In Section we study residually
transcendental extension of the completion V of V and show that Wit is in
bijection with the residually transcendental extensions of Vito K (X).

In Section 3, we use the results of Section 2 to parametrize the residually
transcendental extensions of Z,) to Q(X) for some prime number p € Z in

terms of ultrametric balls in the algebraic closure Q, of the p-adic field Q,.
We then unify the descriptions of DVRs of Q(X) which are either residually
transcendental or residually algebraic over Z,) by means of ultrametric balls

with possibly infinite radius in C,, the completion of Q,. We show that there
is a partial order on this set of DVRs which mirrors the containment between
this ultrametric balls, modulo the action of the Galois group Gal(Q,/Q,)
(Theorem . Finally, in Section 4, we study first the class of Krull
domains between Z,)[X] and Q[X] for a fixed prime p € Z (, and
as a special case we characterize the UFDs between these two polynomial
rings (§4.2.3)). We completely describe the prime spectrum of such a ring,
characterizing when a prime ideal is maximal in geometrical terms. We then
globalize these results in Section Namely, we consider a nonempty set
A of integer primes, and, for each p € A, a finite set of DVRs W), ; of Q(X)

m
with X € Wy and Wy 1Q = Zy, and R = () N (W,; N Q[X])). We
peA j=1
study which one of W), ;’s is superflous and when R is of finite character, so
that R is a Krull domain (Theorem . We also compute the divisor class
group CI(R) of the Krull domain R, showing that Cl(R) is a direct sum of
a countable family of finitely generated abelian groups and, conversely, we
show that for any such a group G there exists a Krull non-Dedekind domain

between Z[X| and Q[X] with divisor class group isomorphic to G (§4.3.4)).
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Furthermore, we also characterize UFDs contained between Z[X] and Q[X]

(Corollary |4.37)).

1. PRELIMINARIES

1.1. Algebraic properties of Krull domains. Let D be an integral do-
main with quotient field K and F(D) be the set of nonzero fractional
ideals I of D, i.e., I is a D-submodule of K such that dI C D for some
0 #de D. Foreach I,J € F(D), let (I :x J) ={z € K | aJ C I},
then (I ;¢ J) € F(D). In particular, I~ = (D :x I) and I, = (I"!)7!, so
(I7Y), = (I,) ' =I71. An T € F(D) is said to be invertible if IT-! = D. Tt
is known that I is invertible if and only if I is finitely generated and 1Dy,
is principal for all maximal ideals M of D, and that if I is invertible, then
(II7Y), =D and I, = I.

1.1.1. Ideal factorization property of Krull domains. A Dedekind domain D
is an integral domain in which each nonzero ideal can be written as a fi-
nite product of prime ideals. Then D is a Dedekind domain if and only if
D is an integrally closed one-dimensional Noetherian domain, if and only
if each nonzero ideal of D is invertible. It is known that D is a Dedekind
domain if and only if D is a Krull domain of (Krull) dimension at most one.
Furthermore, the integral closure of a Noetherian domain is a Krull domain
[23, Theorem 2], so an overring of 2-dimensional Noetherian domain is a
Krull domain if and only if it is an integrally closed Noetherian domain [I8],
Theorem 9]. Hence, a Krull domain can be considered as a higher dimen-
sional generalization of Dedekind domains, so it is natural to ask whether a
Krull domain can be characterized by an ideal factorization property as in
Dedekind domains.

For I € F(D), let Iy = U{J» | J € F(D),J C I and J is finitely
generated}. Then I; € F(D) and the map t : F(D) — F(D), given by
I — I, is well defined. The t-operation also has the following four properties
forall I,J € F(D)and 0 # a € K: (i) Dy = D, (ii) (al): = aly, (iii) I C I
and if I C J, then I; C J; and (iv) (I3): = 1. An I € F(D) is said to be t-
invertible if (I77!); = D. We then use the t-operation to characterize Krull
domains as follows: D is a Krull domain if and only if, given a nonzero ideal 1
of D, Iy = (P --- Pén); for some P, ..., P, € X'(D) and positive integers
e1,...,en, if and only if, given a nonzero element a of D, aD = (P{* --- Pt"),
for some Py, ..., P, € X!(D) and positive integers e, ..., e,, if and only if
every nonzero (prime) ideal of D is t-invertible, if and only if every nonzero
prime ideal of D contains a t-invertible prime ideal; in this case, I, = I; for
all I € F(D) (see, for example, [21]).

1.1.2. Divisor class group of a Krull domain. Let D(D) ={I, | I € F(D)}.
Then D(D) is a commutative semigroup under [ x J = (I.J),, and D(D) is
a group, i.e., (II"1), = D for all I € D(D), if and only if D is completely
integrally closed. Next, let Inv(D) be the group of invertible factional ideals
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of D and Prin(D) = {zD | z € K,z # 0}. Then Inv(D) is a subgroup of
D(D) and Prin(D) is a subgroup of Inv(D), so Prin(D) C Inv(D) C D(D).
The divisor class group of a completely integrally closed domain D is defined
by the factor group Cl(D) = D(D)/Prin(D) of D(D) modulo Prin(D) and
the ideal class group or Picard group of an integral domain D is defined by
the factor group Inv(D)/Prin(D) of Inv(D) modulo Prin(D). Hence, if D is
completely integrally closed, then Pic(D) is a subgroup of Cl(D).

It is known that x € K is almost integral over D if and only if I C I for
some nonzero ideal I of D, so a valuation domain V' is completely integrally
closed if and only if the (Krull) dimension of V' is at most one; in particular,
a DVR is completely integrally closed. A Krull domain D is definited by
an intersection of DVRs, so D is completely integrally closed and its divisor
class group is also well defined.

A m-domain D is a Krull domain with Pic(D) = CI(D); equivalently,
every nonzero principal ideal of D can be written as a finite product of prime
ideals [21], IV. m-domains]. Hence, a Dedekind domain D is a m-domain and
Pic(D) = CI(D). A UFD is a Krull domain, and Krull domain D is a UFD
if and only if C1(D) = {0}. A Krull domain D is called an almost factorial
domain if CI(D) is torsion; equivalently, given a,b € D, there is a positive
integer n, which depends on a, b, so that a” D Nb" D is principal. Therefore,
the divisor class group of a Krull domain D measures how far D is from a
UFD and reflects the ideal factorization property of a Krull domain.

1.2. Rings of integer-valued polynomials. Let D be an integral domain
with quotient field K, X be an indeterminate over D, D[X] be the polyno-
mial ring over D, and A be a torsion-free D-algebra. By embedding A and
K in the extended K-algebra B = A ®p K, we may evaluate a polynomial
f € K[X] at an element a € A, so that f(a) € B. If f(a) € A, we say that
f(X) is integer-valued at a. Given a subset S of A, we define the ring of
integer-valued polynomials on S as

It (S, A) = {f € K[X] | f(s) € A,Vs € S}

Clearly, D[X] C Intg (S, A) C K[X]. If S = A, weset Inti(A) = Intg (A, A),
and if A = D, then we omit the subscript K, i.e., Int(S, D) = Intg (S, D)
and Int(D) = Intg (D, D).

Given a valuation domain V' with quotient field K, the polynomial closure
of a subset S of K is defined as the largest subset S of K for which

Int(S, V) = Int(S, V).

A subset S of K is polynomially closed if S = S. If V has rank one, Chabert
proves in [9] that the polynomially closed subsets of K form a topology of
closed subsets of K. For valuation domains of higher rank, the result is no
more true [30].

It is well known that Int(Z) is a non-Noetherian two-dimensional Priifer
domain [8, Remarks VI.1.8] and Pic(Int(Z)) is a free abelian group on a
countably infinite basis [16, Corollary 7]. Let P be the set of prime numbers
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of Z. For p € P, let Z, be the ring of p-adic integers, T, = {a € Z, | o is
transcendental over Q}, Z,) o = {¥ € Q(X) | p(a) € Zy}, and M, , =
{v € QX) | p(a) € pZy} for a € T,,. Then Z,) , is a DVR of Q(X) with
maximal ideal M) .,

t(Z) = () ([ (Zp).a NQIX)),
peEP a€T)y
ht(My) o NInt(Z)) = 1, and Z,) o/ M p),o = Z/pZ. 1t is worthwhile to note
that if R = Int(Z), then R= (| Rp, Rpisa DVR for all P € X'(R),
PeX(R)
but R is not a Krull domain.

1.3. Residually transcendental extensions. Let V' be a valuation do-
main with quotient field K, X be an indeterminate over K, and K(X) be
the field of rational function, i.e., the quotient field of K[X]. We denote
by v a valuation on K with associated valuation domain V' and by I';, the
value group of v. We also denote by 'y the divisible hull of I';,, namely,
Iz=T1% Qz Q

In this section we recall some known facts about residually transcendental
extensions of V' to K(X), that is, valuation domains W of the field K(X)
lying above V (i.e., W N K = V) such that the extension of residue fields
is transcendental. We denote by W, the set of residually transcendental
extensions of V to K(X). In contrast, we say that an extension W of V' to
K (X) is residually algebraic if the extension of the residue fields is algebraic.

1.3.1. Monomial valuations. In this subsection we review the notion of mono-
mial valuations, which is a particular class of extensions of V' to K(X), in
order to describe the class of residually transcendental extensions.

Definition 1.1. Let o € K and § be an element of a value group I" which
contains I',. For f € K[X] such that f(X) =ap+a1(X —a)+...+a,(X —
)™, we set:
Va,s(f) = inf{v(a;) +id |i=0,...,n}

The function v, s naturally extends to a valuation on K (X) ([7, Chapt. VI,
§. 10, Lemme 1]), and it is called a monomial valuation. We denote by Vj, s
the valuation domain of K(X) associated to vqs. Clearly, Vs lies over V.
Note that Vpo = V(X), i.e., the case & = 0 and § = 0 corresponds to the
trivial Gaussian extension. Note also that Vo5 N K[X] = V[£ ], where
¢ € K has value ¢ (see for example [26] Remark 3.4]).

Let K be the algebraic closure of K, u be an extension of v to K, and
U be the valuation domain of u. Given (a,d§) € K x I';, we denote by Va,§
the restriction of u,s to K(X); note that this valuation depends on the
chosen extension u of v to K, see [26, Remark 3.9]. If V, 5 (Ua.s, resp.)
is the valuation domain associated to vas (uq,s, resp.) then clearly we
have V, 5 = U5 N K(X). We also say that (o, 8) € K x I'y is a minimal
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pair of definition of V5 (with respect to K) if for each § € K such that
u(f—a) > §, we have [K(B) : K] > [K(«) : K]. Equivalently, among the set
of pairs which define the valuation u, s, the degree [K(«a) : K] is minimal
(see [I, Proposition 3] and [2]). We stress that when o € K, the coefficients
ao, - - -, ap, of the (X — a)-adic expansion of f € K[X] lie in K and may not
be in K.

Remark 1.2. Suppose that 6 > v(a) for every a € K. We denote such ¢ by
co. Given a € K, for every f € K[X] with f(X)=ao+ai(X —a)+...+
an(X — «)™ where aq, . ..,a, € K we have

Va,s(f) = u(ao) = u(f(a))
so in this case Vo oo = Vo = {0 € K(X) | ¢(a) € U}.

Remark 1.3. (1) Let U be a fixed extension of V to K. Given o € K and
an element ¢ in a totally ordered group containing I',, it is well-known that
Va,s is a residually transcendental extension of V' if and only if § belongs to
I's (see for example [2] or [26, Lemma 3.5]). In this case, by [2, Theorem
2.1}, the value group of V, s has finite index over the value group I', of V.
In particular, if V is a DVR, then a residually transcendental extension of
V to K(X) is a DVR, also.

(2) Let V be a DVR and U a fixed extension of V to K. Given a (min-
imal) pair (o, 8) € K x I'y, the intersection V, s N K[X] is clearly a Krull
domain which is not Priifer, since the valuation overring V, s is residually
transcendental over V, see [26, Theorem 3.15].

It is known that if we restrict to the family of Krull domains {V, sNK[X] |
a,0) € K x 'y}, this family has a natural ordering, namely:

1.4) Va1,51 N K[X] - Va2752 N K[X] & 61 < 09 and 1)(041 — Ozg) >
see [4, Proposition 1.1]; see also [26, Remark 3.10]), so
1.5) Var,e N K[X] = Van,5, N K[X] & 01 =0y and v(ag — ) > 91

We will see in Lemma that the previous conditions are indeed equivalent
t0 Var61 = Vas,6s-

If (o, §) € K x 'z and we consider the ball B(«,d) ={z € K | v(z —a) >
d}, then condition holds if and only if B(ag,0d2) € B(ai,01). In the
case V = Z,) for some prime p, we generalize this ordering to the case of

pairs (o, 0) € C, x Q in Section

The main result of Alexandru, Popescu and Zaharescu is the following
characterization of the residually transcendental extensions of V' to K (X)
(see [1L, 2], 4]).

Theorem 1.6. Let V be a valuation domain with quotient field K and let
U be a fived extension of V to K. Let W be a residually transcendental
extension of V to K(X). Then there exists a minimal pair (o, ) € K x T'y
such that W is the restriction to K(X) of the monomial valuation U, s of
the field K (X).

(
(
(
(
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Note that the valuation domain U, s of K(X) in Theorem [1.6|is a resid-
ually transcendental extension of U to K(X). The next lemma is a gener-
alization of [26, Lemma 3.13] to valuation domains of arbitrary rank.

Lemma 1.7. Let U be an extension of V to K and let (o,8) € K x T,
Then

VIX] CUys NK(X) < u(e) >0 and 6 > 0.

Proof. Note that the containment is equivalent to uq5(X) > 0 (and, in
particular, equivalent to U[X] C U,,5). We have uq 5(X) = min{d, u(c)} so
that the claim is true. O

1.3.2. Parametrization of residually transcendental extensions. In this sub-
section, we show how to parametrize Wyt by means of ultrametric balls
contained in K with respect to some fixed extension U of V' to K.

Let G be the absolute Galois group Gal(K /K). Note that Gk is also
equal to the Galois group of K(X)/K(X). Given an extension U of V to K,
we denote by D(U) the decomposition group of U, namely: D(U) = {o €
Gk |o(U)=U}.

Lemma 1.8. Let U be a fized extension of V' to K. Let (o,8) € K x I'y,
with 6 = u(c) for some ¢ € K, and 0 € Gg. Then we have
O-(U0175) = U(U)U(a),5‘
In particular, if o € D(U), then 0(Uas) = Ug(ay,s-
X—«a
C

Proof. Since is a unit in U, s and U, is residually transcendental
_ X—o(o)

over the residue field ki of U, it follows that o (X Za) = =20
0(Ua,s) and 0(Uy,s) is residually transcendental over kq (1) (note that o(Uy,s)

1S a unit in

is an extension of o(U) to K(X)). Recall that the valuation associated
to o(U) = U’ is equal to v’ = u oo~ ! ([IZ, Proposition 3.2.16, (1)]), so
u'(o(¢)) = 0. Then the claim follows by [7, Chapt. VI, §10, Proposition 2].

If o € D(U), then the last claim follows at once. U

We give next a criterion for when two residually transcendental extensions
of U to K(X) contracts down to the same valuation domain of K(X) (which
is a residually transcendental extension of V' to K (X)). This has been done
in a similar way in [24]. In particular, given a residually transcendental
extension V,, 5 of V to K(X), where (a,d) € K x I'y, we describe the set of
extensions of V, 5 to K(X) lying above U (see also [3, Theorem 2.2]).

Theorem 1.9. Let U be a fived extension of V to K and let (o, ), (o', §") €
K x T'y. Then the following conditions are equivalent.

(1) Uoc,d OK(X) = an’,é’ ﬂK(X)

(2) 0(Uas) = Uy 5 for some o € D(U).

(3) § =0 and u(o(a) — ') > 4, for some o € D(U).



10 G. W. CHANG AND G. PERUGINELLI

In particular, the set of extensions of a residually transcendental extension
W =U,s N K(X) to K(X) lying above U is equal to {Uy a5 | 0 € D(U)}.

Proof. (1) = (2) By [12, Conjugation Theorem 3.2.15], there exists 0 € Gg
such that 0(Uy5) = Uy 5. We claim that o € D(U). In fact, let x € U C
Uas- Then o(z) € 0(Ups) N K = Uy 5 N K = U. Thus, (2) holds.

(2) = (3) By Lemma Us(a),s = 0(Ua,s) = Uar 5. By [4, Proposition
1.1], & = ¢ and u(o(a) — @’) > §, which is condition (3).

(3) = (1) The inequality u(o(a)—a’) > § is equivalent to o’ € By, (o(a),d) =
{z € K | u(o(a) — z) > 6}, so that (o/,§) is another pair of definition for
Us(a),s by [, Proposition 3] and thus Uy 5 = Uy(a)s- By Lemmam we
also have Uy(q) s = 0(Uas), 50 Uas and Uy s contracts down to K(X) to
the same valuation domain. Thus, (1) holds.

The last claim follows immediately from the previous part and Lemma

I3 O

For the next theorem, we fix the following notation: given an extension
U of V to K, let B, be the set of ultrametric balls By(«,d) = {z € K |
u(r — a) > 6} in K with respect to U, where (a,8) € K x I'y. It is
worthwhile to note that condition (3) of Theorem is equivalent to the
following: o(By(a,0)) = By(o(a),d) = By(d/,6) for some o € D(U).

By Lemmall.8| D(U) acts on B, since for o € D(U) we have (By(a, §)) =
B,(o(@),6). In particular, D(U) does not change the radius of an ultramet-
ric ball. We denote by B, /D(U) the set of equivalence classes of B, under
the action of the decomposition group D(U). By Lemma an element of
B, /D(U) is equal to [By(«,d)] = {By(o(a),d) | o € D(U)}; in particular,
note that such an equivalence class is formed by finitely many closed balls
(i.e., at most as many as the number of conjugates of o over K).

Theorem 1.10. Let U be a fized extension of V to K. Then the map
© : B,/D(U) = Wyt given by [By(a, )] — Uys N K(X) is bijective.

Proof. In order to show that the map © is well-defined, we observe first
that given (a,d) € K x I'y, we have U, s N K(X) € Wy by Remark
Moreover, if o(By(«a,d)) = By(o(a),d) € [By(a,d)] for some o € D(U),
then Uy s N K(X) = Uy(a),s N K(X) by Theore

The surjectivity of © follows by Theorem Finally, the injectiv-
ity follows again by Theorem In fact, suppose that O([B,(a,0)]) =
O([Bu(c/,0")]), that is, Uys N K(X) = Uy 5 N K(X). Then, by Theorem
1.9, 6 = ¢ and u(o(a) — &’) > 4, so that By(a/,0") = By(o(a),d). Hence,
Bul0,8)] = [Bula,o')]. 0

2. POLYNOMIAL ORDERING OF TORSION EXTENSIONS

We say that an extension W of V to K(X) is torsion if Iy, C I'y; we
denote by W; the set of all torsion extensions of V' to K(X). Note that a
residually transcendental extension of V' to K(X) is torsion by Remark
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so Wyt € W;. We stress that not all the residually algebraic extensions of V'
to K(X) are torsion. For example, {¢ € K(X) | ¢(0) € V} is a residually
algebraic extension of V' (its residue field is the same as the residue field of
V') which is not torsion (its one-dimensional valuation overring is K[X]x);

see Proposition and also Remark [3.3)).

2.1. A partial order on the set of torsion extensions of V' to K(X).
Let Wy, Ws be in W;. In [4], page 282], the following definition is given only
for residually transcendental extensions (which are torsion):

w1 < wo & wl(f) < wQ(f),Vf < K[X]

where the last inequality is considered in I'z. More generally, we give the
same definition for torsion extensions. We remark that since any f € K[X]

can be written as @ for some g € V[X] and ¢ € V, ¢ # 0, and the
valuations wi,ws coincide on K, the previous condition is equivalent to:
wi(g) < wa(g) for each g € V[X]. Note that clearly we have

w1 = wy & wl(f) = wg(f), Vf S K[X] = Wp = Wa.
In particular, we also say that wi < we if and only if wy < wo and wy # wo.

Lemma 2.1. Let W; € Wy and M; be the maximal ideal of W; fori=1,2.

(1) The following statements are equivalent.
(a) w1 < ws.
(b) WiNK[X] C Wyn K[X].
(¢c) MiNK[X]C MyN K[X].
(2) Wp = Wy if and only if Wi N K[X] = We N K[X], if and only if
M N K[X] = My N K[X].
(3) (W, <) is a partially ordered set.

Proof. (1) (a) = (c). Let f € M; N K[X] be nonzero. Then 0 < w;(f) <
wa(f), so f € My K[X]. Thus My N K[X] € My N K[X].

(c) = (b). Let g € Wi N K[X] be nonzero. If g € M, then g € My N
K[X] € Wy n K[X]. Next assume that ¢ ¢ M; and g ¢ Wy N K[X].
Since Wy is a torsion extension of V', there are n € N and b € V such
that wa(g") = nwa(g) = —v(b) < 0 or wa(g"b) = 0. Note that wy(g"b) =
nwi(g)+wi(b) = v(b) > 0, s0 ¢g"b € MiNK[X] C MyNK[X] by assumption.
Hence wa(g™b) > 0, a contradiction, which implies g € Wy N K[X]. Thus
Wy N K[X] € Wa 0 K[X].

(b) = (a). Assume that f € K[X] is nonzero. Then either f € Wj or
% € Wy, and since W7 is torsion over V, there exist a positive integer n € N
and 0 # ¢ € K such that nw(f) = v(c). Hence, w1(§) = 0. In particular,
an e WiNK[X] C Wyn K[X], so that we also have

n
0 < wy (f> & wy(f) 2 vle) = wi(f),

C n

so the inequality holds true.
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(2) Tt is clear that W7 = W5 implies both of W7 N K[X] = Wy N K[ X]
and M1 N K[X] = My N K[X]. Conversely, if W1 N K[X] = Wy N K[X] or
M, N K[X] = My N K[X], then wi(f) = wa(f) for every f € K[X] by (1),
which implies that w; = we on K(X). Thus, W; = Wa.

(3) This follows directly from (1) and (2) above. O

Let the notation be as in Lemma [2.1l Then w; < wy if and only if
WinNK[X] C Won K[X], if and only if M1 NK[X] C MaN K[X]. The next
corollary gives an alternative characterization of this strict inequality.

Corollary 2.2. Let W; € W, and M; be the mazimal ideal of W; fori=1,2.
Then the following statements are satisfied.
(1) w1 < wy if and only if M N K[X] C MyN (W1 NKI[X]), and in this
case, My N K[X] is a prime non-mazimal ideal of W1 N K[X].
(2) W € W, is a mazimal element of (W, <) if and only if W is resid-
ually algebraic.

Proof. (1) Assume that w; < we. Then, by Lemma there exists f €
(WanN K[X]) \ (W1 N K[X]), so wi(f) <0 < wa(f). Since W is a torsion
extension of V, there exist n € N and 0 # a € K such that w;(f") = v(a).

Then, we have
a a

S0 % € My (Wi N K[X]) but % ¢ M, N K[X]. Conversely, suppose that
My N K[X] € Mo (Wy 0 K[X]). Then My N (W N K[X]) € Mo 0 K[X]
implies M1 N K[X] C My N K[X]. Thus w; < wy by Lemma

(2) (=) Suppose that W is residually transcendental. By Theorem [1.6]
there exists (a,d) € K x I'y such that W = U, s N K(X) (where U is a
fixed extension of V to K). If § € T, is strictly greater than §, we have
W N K[X] € W’ N K[X], where W' = Uy y N K(X). In fact, Uy s NK[X] C
U5 N K[X] because XCTO‘ is in the latter ring but not in the former (where
¢ € K has value ¢') and by Theorem [1.9) U, s N K[X] C U, s N K[X].

(<) Suppose that W € W} is residually algebraic. We have the following
containments, where M is the maximal ideal of W:

1% WNK[X] W
C C

MNK -~ MNK[X] ~— M’
It follows that (W N K[X])/(M N K[X]) is a field and thus M N K[X] is
a maximal ideal of W N K[X]. By the first part of the Corollary, W is a
maximal element of (W}, <). O

It is worthwhile to note that if K is algebraically closed and maximally
complete (i.e., it does not admit any proper immediate extension), then
it is straightforward to see that there are no residually algebraic torsion
extensions of V to K(X). Hence, in this case, W, has no maximal element

by Corollary [2.2]
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2.2. Re31dually transcendental extensions over the completion. Let
1% (resp. K ) denote the v-adic completion of V (resp. K), Wi be the set
of all torsion extensions of V to K (X), and Wit be the set of all residually
transcendental extensions of V to K (X). In this subsection, we show that
the map from Wy into Wi given by W — W N K(X) is bijective.

Lemma 2.3. Let W be an extension of V to K(X) such that ©(X) > v(a),
for somea € K. If W =W N K(X), then we have

WNEK[X] WnK[X]
MNK[X] MnKX]

where M, M are the maximal ideals of WN/, W, respectively.

Proof. Clearly, we have the containment (2). For the other containment, we
need to show that for every f € W N K [X] there exists g € W N K[X] such

d .
that @(f — g) > 0. Suppose that f(X) = > a;X'. We choose g € K[X],
i=0

d )
9(X) = > a; X", such that v(a; — a;) +iv(a) > 0, for each i = 0,...,d. In

i>0
particular,
(2.4) w(f —g) > min{v(e; — a;) +iw(X)} > min{v(e; — a;) + w(a)} >0
so that f —g € M. Note that g € W, so we get the claim. ([

Let Voo = {1 € K(X) | 1(c0) € V}, where )(c0) is defined as ¢(0)
With e(X) = ¥(1/X) (see [25]) Then the assumption on W of Lemma

is equivalent to say w # Vao. Note that every W € W, satisfies the
assumptlon of Lemma [2.3]

Lemma 2.5. Let R be an integral domain such that ‘7[X/a] CRC IA([X]
for some nonzero a € K and let R = RN K[X] Let W be a valuation
domain ofK( ) extending V and let W = WﬂK( ). Then R C W if and
only if RCW.

Proof. The implication (<) is clear. Conversely, suppose that R C W and
_ N N d
let f € R. In particular, f € K[X] = K[X/a], so f(X) = Y a;(X/a)’, for

=0
~ d .
some «; € K. Let g(X) = > a;(X/a)’ € K[X] be such that v(a; —a;) >0
i=0

for each i = 0,...,d. Then h := f — gEYA/[X/a]C]%sothatg:f h €

RNK[X] = R By assumption, g € W and note that h € W, because
V[X/a] ¢ W implies that V[X/a] C W. Hence, f = h+g € W, as
claimed. (]

The following corollary follows at once.
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Corollary 2.6. Let W; be an extension of 17Nt0 K(X) such that w;(X) >
v(a) for some a € K, fori=1,2. Let W; = W;NK(X), fori=1,2. Then
we have

(2.7) Wi NK[X] C Won K[X] & W, NK[X] C Wy n K[X].

Proof. 1t is sufficient to notice that the assumption of w; implies that
V[X/a] € W1 N K[X] and then apply Lemma O
Lemma 2.8. Let W be a residually transcendental extension of V' to K(X)
and K(X) (resp. W) be the completion of K(X) (resp. W) with respect to
W. Then the following statements hold true:

(1) K(X) is a subfield of K(X).

(2) W is immediate over W N K (X).

(3) WN K(X) is a residually transcendental extension of V.

Proof. Since Ty, / I', is torsion, it follows that K is equal to the topological
closure of K in K(X) Hence, we may embed K(X) into K(X)

Let W = WﬂK (X). Since V C Vand W C W are immediate extensions,
it follows that W is immediate over W and W is re&dually transcendental
over V. In particular, since K(X ) C K (X) € K (X ), it follows that also
W C W is an immediate extension and so W is also a residually transcen-
dental extension of V. If X were algebraic over K , then KCK (X) would
be a finite extension and so W could not be residually transcendental over
V. Then X is transcendental over K. U

Lemma 2.9. Let W be a residually transcendental extension 0f‘7 to IA((X)
Then W N K(X) is a residually transcendental extension of V.

Proof. By [, Proposition 1], there exists f € K[X ]HW such that its residue
modulo M is transcendental over V / M= V/M. By Lemma. if g € K[X]
is a polynomial of the same degree as f sufficiently v-adically close to f, then
g€ WnK (X) and f and g have the same residue modulo M so g is residually

transcendental over V/M. Thus, WnNK (X) is a residually transcendental
extension of V. O

Theorem 2.10. If W € W, then W N K(X) € W;. Moreover, if W; € W,
and W; = W; N K(X) fori=1,2, thenwl < ws if and only if W1 < wsy. In
particular, W1 = Wy if and only if W1 W2

Proof. Tt is clear that if W e Wt, then W N K(X) € W, because T',, = T';.
Hence, by Lemma the claim w; < we < w1 < wo is equivalent to ,
which holds by Corollary [2.6]

For the final claim, (<) is stralghtforward Conversely, suppose Wi = Whs.
Then Wi N K[X] = Wa2NK[X], so by [2.7), WiNK[X] = Wy K[X]. Thus,
by Lemma 2 . Wi = Wg. O
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Corollary 2.11. The map @ : Wit — Wi given by W~ Wn K(X) is
bijective.
Proof. Note that if W e Wrt, then W = W N K(X) € Wy by Lemma

2.9 Hence, @ is well-defined. Then @ is surjective by Lemma [2.8 and ® is
injective by Theorem [2.10} O

Remark 2.12. Let ¥ be the map from VA\Z; to W; which sends WtoWnN
K(X). Clearly, the restriction of ¥ to Wit is equal to ®. As in the proof of
Corollary 2.11] ¥ is well-defined and injective by Theorem [2.10] However, ¥
is not surjective: if a € K is transcendental over K, then V, = {¢ € K(X) |
o(a) € YA/} is a torsion extension of V, while V, = {y € K(X) | ¢(a) € ‘7}
is not, since V, is contained in the DVR I?[X](X_a).

3. COMPLETE LIST OF DVRS oF Q(X)

In this section we give a complete description of the family of DVRs with
quotient field Q(X).

Let P be the set of prime numbers in Z, so {pZ | p € P} is the set of
nonzero (principal) prime ideals of the ring Z of integers. Let W C Q(X)
be a DVR with maximal ideal M. We have one of the following two cases:

e W N @ = Q

e WNQ=12Zgy)), for some p € P.
In the first case we say that W is a non-unitary valuation domain, and in
the second case, that W is a unitary valuation domain. For each p € P, let
W) be the set of DVRs W of Q(X) such that W NQ = Z).

It is a classical result (see for example [II, p. 3]) that if W is a non-
unitary valuation domain, then W is equal to one of the following DVRs,
according to whether X € W or X ¢ W:

- W = Q[X]y), for some irreducible g € Q[X].
- W =Q[1/X]qx)-
If W € W, for some p € P, we distinguish between these two subcases:
(1) W is residually algebraic over Z,).
(2) W is residually transcendental over Z,).
Throughout this paper, for each p € P we set:
- Wyra = {W € W, | W is residually algebraic over Z,)};
- Wyat = {W € W, | W is residually transcendental over Z,)}.
In particular, W, = Wy 1a U W, 1 and Wy o N W ¢ = 0. Moreover, let

W= U Wp, Wra = U Wp,ra; Wrt = U Wp,l‘tv
p€EP peP pEP
so W is the set of DVRs of Q(X), Wy, is the set of DVRs of Q(X) that are
residually algebraic extensions of Z,) for some p € P, and Wi is the set
of DVRs of Q(X) that are residually transcendental extensions of Z,) for
some p € P.
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3.1. Extensions of Z,) to Q(X). Let Q, Z, be the field of p-adic numbers
and the ring of p-adic integers, respectively, which are the completion of
Q, Z(y,y with respect to the topology induced by the p-adic valuation. Let
Q, be a fixed algebraic closure of Q, and Z, be the integral closure of Z,
in Q; since Q, is Henselian, Z,, is a one-dimensional non-discrete valuation
domain. We denote by v, the unique extension of the p-adic valuation to
Qp. The ring Z, is the valuation domain of v, (i.e., Z, = {x € Q, | v,(z) >
0}). Let C, be the completion of (QTD with respect to the topology induced
by the valuation v, and O, the completion of Z,. It is well-known that
C, is algebraically closed ([I7, Proposition 5.7.8]). Clearly, each element
a e C, \@ is transcendental over Q,, and so, in particular, such an « is
transcendental over Q; on the contrary, an element o € @, can be either
algebraic or transcendental over Q. We denote by C};r the subset of those
a € C, such that the ramification index of the extension Q,(a)/Q, is finite.
We say that an element o € CBT is unramified over Q,, if the ramification
index of Q,(a)/Qy is 1 (we stress that such an element may not be algebraic
over Q). Note that Q, C (Cgr C C,. We also set @;’r =0p,N (CBT.

3.1.1. Residually algebraic extensions. The following theorem characterizes
the DVRs of Q(X) which are residually algebraic extensions of Z,), for some
p € P (see [28, Corollary 2.28]).

Theorem 3.1. Let W be a DVR of Q(X) which is a residually algebraic
extension of Zy for some p € P. Then there exists a € CZT, transcendental
over Q, such that

(3.2) W =Zp)a={0 € QX) | d(a) € Op}.

In particular, Wy ra = {Zp)a | @ € (Cf,r, a transcendental over Q}. Further-

more, a € Qy if and only if the extension of the residue fields W/M 2 Z/pZ
is finite.

Remark 3.3. We remark that if « € Q,, we may define in general the
following valuation domain as above:

Lpya ={0 € QX) | ¢(@) € Zy}

By [25, Proposition 2.2], Z,), is a DVR precisely if « is transcendental
over Q, it has rank 2 otherwise. In this last case, if ¢ € Q[X] is the minimal
polynomial of a, we have Z,) , C Q[X](q)-

3.1.2. Residually transcendental extensions. Let W be a DVR of Q(X') which
is residually transcendental over Z,) for some p € P. The next important
theorem gives an alternative characterization of these valuations than The-
orem namely, we show that we can parametrize them by means of pairs

of Q, x Q rather than pairs of Q x Q.
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Theorem 3.4. Let p € P and let W be a residually transcendental extension
of Zp) to Q(X). Then W is a DVR such that W = Zy o5 NQ(X) for some

(a,8) € Q, x Q.

Proof. We have already said that 1 is a DVR in Remark [1.3] By Corollary
W is equal to the restriction to Q(X) of a (unique) residually tran-
scendental extension W of Z, to Q,(X). By Theorem W = Zp s for
some (a,d) € Q, x Q. Hence, W =Z, 45 N Q(X). O

The advantage of working over the completion of Q with respect to the
p-adic valuation v, is that there exists a unique extension of v, to @p since
Qp is Henselian. Therefore we don’t have to worry about fixing an extension
of v, to @, in advance (as in Theorem [1.6)).

3.1.3. Unitary DVRs of Q(X). In order to unify the aforementioned two
cases, namely, residually algebraic and transcendental extensions of Z, to
Q(X), we consider pairs (a,d) € C, x (QU {oc0}). In the following we will
always assume the following conditions for such a pair:

- if § = 0o, then « is transcendental over Q.

- if § € Q, then a € Q.
The first assumption is due to Theorem 3.1} The second assumption is due to
the following fact : in the case of a monomial valuation v, o s as introduced
in section this valuation can also be defined when o € C, \ Q,, but
by a density argument we may take o/ € Q, such that Up.a,d = Upals (s€e
Remark [3.18] (2) below). Consequently, given a pair (o, 6) € C, x (QU{oo})
with a € C, \ Q,, automatically § = co. The converse is not true: we can
consider pairs (a, 00), where « is either in @, or in C, \ Q,.

Remark 3.5. Let (o,0) € C, x (QU {oo}) with the above assumptions.
We recall that the value group of Z,) . s is of finite index over the value
group of Z, (by Remark (1) if § # oo and by [25, Proposition 2.2] if
§ = oo). In particular, if 6 € Q, then Z, s is a DVR. Furthermore, if
§ = oo, by [28, Proposition 2.14, Remark 2.18, Corollary 2.28], Z;) 4,5 is
a DVR precisely when o € (Cgr (we are assuming that « is transcendental
over Q). If a € C, \ C},’r, then Z ) o0 18 a one-dimensional non-discrete
valuation domain (by the same references).

Given (a,6) € C, x (QU {oc}), we denote by Z,) 4,5 the valuation do-
main Zy o5 N Q(X). In particular, Z) o = Z(p).a,00 by Remark The
next theorem summarizes the results discussed so far and give a complete
description of the unitary DVRs of Q(X).

Theorem 3.6. Let W be a DVR of Q(X) lying above Z ), for some p € P.
Then the following statements are satisfied.

(1) W = Zy) a5 for some (o, 6) € Chx (QU{oo}). In this case, X € W
if and only if (a,0) € (O)ff X (Qs0 U {o0}).
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(2) W is residually transcendental (algebraic, respectively) over Z,) if
and only if § < oo (« is transcendental over Q and 6 = oo, respec-
tively).

In particular, we have:

Wora = {Zp)alac (Cff and « is transcendental over Q}
Wp,rt = {Z(p),a,é | (04,5) € @ x Q}

Proof. If W is residually transcendental over Z,), then there exists (a, §) €
Qp x Q such that W = Z,) s (Theorem . Next if W is residually

algebraic over Z,), then there exists a € (C;’r such that « is transcendental
over Q and W = Z) o (Theorem .

The second part of item (1) follows by Lemma[l.7] The final claim follows
immediately. (I

3.2. Polynomial ordering of unitary valuation domains and ultra-
metric balls in C,. For p € IP, we set

Sp = {Zp),a | (@,0) € Cp x (QU {o0})}.
In this subsection, we study under which conditions we have Z,) o s N
Q[X] € Zp) 0,5 for (a,0), (', 6") € C, x (QU{o0}), and we show that S, is
a partially ordered set.

Let
S = (| 8 u{Q[X] | ¢ € Q[X] is irreducible }.

peP
It is noteworthy that if W is a two-dimensional valuation overring of Z[X]
with W C Z,) 0,0, then W # Z,) o5 for all (a,d) € C, x (Q U {oo}).
Therefore S is not the set of all valuation rings of Q(X), while S contains
the set of all DVRs of Q(X) by Theorem

Now, in order to show the correspondence between the valuation domains
of §, and ultrametric balls in C,, we need to consider ultrametric balls
possibly having infinite radius (thus, a singleton). Let (a,d) € C, x (QU
{oo}). The ball in C, of center a and radius § is By(a,8) = {z € C, |
vp(z — ) > §}. Note that By(a,d) = {a} precisely when § = co. If § € Q,
then Bp(oz, 0) has a non-empty intersection with @, because @ lies dense in
Cp, and so we may find an element in By(a, §) NQ, which can be considered
as the center of the ball.

We will show that the ordering on S, reflects the containment among
ultrametric balls in C,, under the action of the Galois group G, (Proposition
and Remarks . We first need a couple of lemmas. The first lemma
uses the notion of pseudo-stationary sequence introduced in [9], see also [26].

Lemma 3.7. Let (a,8) € C, x (QU {00}) and suppose that B,(a,d) C
U Bj, where the B;’s are polynomially closed subsets of C,. Then
1

J=L..,n

By(a,8) C B; for somei € {1,...,n}.
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Proof. If § = oo, then B,(a,§) = {a} and the claim clearly is true.
Suppose that § € Q. Let E = {s,}nen C By(a, §) be a pseudo-stationary
sequence with set of pseudo-limits Lg = Bp(a, 9). By the pigeonhole prin-
ciple, a subsequence of E, say E' = {s;, }ren, is contained in B, for some
i € {1,...,n}; note that E’ is still pseudo-stationary with Lg = B,(,0).
By [9, Prop081t10n 4.8], By(a,8) C B;, as claimed. O

Remark 3.8. More generally, Lemma holds for any valuation domain
V having infinite residue field; we don’t need that the polynomial closure is
a topological closure, which in general is not true for valuation domains of
arbitrary rank ([30]).

We denote by G, the Galois group of Q,/Q,. We recall that G,, is iden-
tified with the group of all continuous Qp-automorphism of C, (see [5], §3,
1.]) and so G acts on Cp,. Moreover, for each o € G, we have v, 0 0 = vp,
because ), is Henselian.

The following remark contains important informations about the set of
conjugates of an element o € Cp, \ Q, under the action of the group G,.

Remark 3.9. Let o € C,,. By [5, Remark 3.2], G,({a}) = {o(a) | 0 € Gp}
is an infinite subset of C,, precisely when o ¢ Q,. In this case, by [5, Theorem
3.5], Gp({a}) is totally disconnected, closed and compact (note that this is
true also when G)p({a}) is a finite set). In particular, by [9, Proposition 2.4],
Gp({a}) is polynomially closed.

Lemma 3.10. Let (j,0;) € C, x (QU {oo}), for i = 1,...,n. Then,
Gp(U By(ai, ;) is polynomially closed.

i=1
Proof. We remark that

n

(3.11) U (2, 6:) = | Gp(Bp(ai, 6:)) = | By(o (i), 6).

i=1 i=10€q,

If a; € Qp, then G, (By(a,d;)) is equal to a finite union of balls By (o (), 6;),
for o € G}, (which may not be necessarily disjoint); therefore, by [9, Propo-
sition 3.4], Gp(B,(c,d;)) is polynomially closed. If o; € C, \@p (so ¢; is

necessarily equal to co by our convention), then G ( B, (e, l)) Gp({ai})
is polynomially closed by Remark Hence, G (U By(a;,6;)) is polyno-
mially closed, being a finite union of polynomially closed sets. ([

We are now ready to prove the main result of this subsection by which
we can show that S, is a partially ordered set. We need first the following
remark, which gives the connection with rings of integer-valued polynomials.
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Remark 3.12. Let (a,d) € Cp x (QU {oo}). If § # oo, given ¢ € Q, such
that v,(c) = § we have the following equalities:

X —«
c

Op.as NCyH[X] =0, [ ] = Int(B,(a, §),0y).

The first equality follows from [26, Remark 3.4] and the second one from
[26, Lemma 4.1], since O, is a rank one non-discrete valuation domain with
infinite residue field. More generally, it is clear that the equality

(3.13) Op.a,s N Cp[X] = Int(By(a, ), 0,)

is true also when § = oco. In particular, contracting down the previous
equality to Qp[X] (and similarly to Q[X]), we have

(3.14) Zpas NQ[X] = Intg, (By(a,6), 0y)

Clearly, we have

(3.15) It(By(,6),0,) = (]  Opa NCy[X]
o/ €By(a,0)

Proposition 3.16. Let p € P and («,6), (2,0;) € Cp x (QU {o0}), for
i1 =1,...,n. Then the following conditions are equivalent:
(1) Z( yaiss VQIX] C Zp) a6 for somei € {1,...,n}.

( ) Dl ai,éi m Q[X] C Z(p),a,(s'
(3) 72 9 and vy(a — o(y)) > 9; for some o € G, and i € {1,...,n}.
Proof. (1) = (2) Clear.
(

(2) = (3) By Lemma [2.5] (2) is equivalent to the analogous containment
in Q,(X):
n
(3.17) m(me,éi NQy[X]) C Lpo.s-
i=1

By (3.14]), the left-hand side of (| is equal to

ﬂ Intg, (By(, &), 0p) = Intg, (B, Op),

where B = U By(a, 6;).

A stralghtforward adaptation of [27, Lemma 2.20] shows that the 1ntegral

closure of Intg, (B, Q) in @, (X) is equal to Int p(G’p(B), 0,). Hence, (3
is actually equivalent to

Int@(Gp(B), 0p) C (Zp)a,6-

By applying Lemma again, we can transfer the previous containment
over Cp:

Int(Gp(B),0p) C OpasNCylX] = Int(By(a,d),0p)
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which amounts to say that By(a,d) is contained in the polynomial closure
of Gp(B). By Lemma Gp(B) is polynomially closed, so B,(a,§) C
Gp(B). By Lemma again, for each i € {1,...,n}, Gp(Bp(a;,d;)) is
polynomially closed, so by Lemma By(a,8) € Gp(By(w, ;) for some
i€ {l,...,n}. If §; = oo, then necessarily § = co and a = o(«;) for some
o € G, because otherwise a similar argument to the proof of Lemma
shows that G,({a;}) would contain a pseudo-stationary sequence which is
not possible by compactness. If §; < oo, again Lemma implies that
Bp(a,d) is contained in o(Bpy(ay,d;)) = Bp(o(a),d;) for some o € Gy,
which amounts to say that ¢ > ¢; and v,(o — o(a;)) > 6;, which is precisely
condition (3).

(3) = (1) Note that Z) a,5, = Z(p),o(a:),s, T0r €ach o € G, by Theorem
Note also that the inequality v,(a — o(cy)) > 6; by is equivalent
to Z(p),a(ai),éi = Z(p),a,éi' Therefore,

Lip),ai b NQAX] = Zip) a5 N QUX] C Zip),a
where the last containment follows from the inequality § > 9;. O
Remarks 3.18. (1) Let (o,9;) € C, x (QU {o0}), for i = 1,2. By Propo-
sition we have the following equivalence:
Z(p)’ah(;lﬂ(@[X] C Zp),as,ss < 02 > 61 and vp(aa—o (1)) > 61 for some o € Gy,

This last condition is equivalent to saying that

By(az,d2) € o(Bp(a1,61)) = By(a(a), 1)

In particular, the residually algebraic DVRs Z,) o = Z(p)a,00 Of Sp are
precisely the maximal elements of S, under this ordering (Corollary [2.2](2))
and each residually transcendental Z,) o s € Sp, with § € Q, is strictly less

than a maximal element of S, namely, Z) o  for o’ € By(a, 6).

(2) Let (cy, 0;) € Cpx(QU{oo}) fori = 1,2 be such that Z,) o, 5, NQ[X] =
Z(p)’w’(;?ﬂQ[X]. By Proposition we have 01 = d2, vp(ae—0o1 (o)) > 01,
and vp(o1 — o2(ag)) > 0o for some 01,09 € G)p. If 61 = 00, then a1 = o(az)
for some o € G, (that is, oy, an are conjugate over Qp), so, in particular,
Lip),a1,61 = L(p),ass,- 1 instead we have d; < oo for i = 1,2, then Zy) o, 5, =
Z(p),o(ar),5; by Theorem [1.91and Z(p) 5, (a1),6, = Z(p),a2,6, DY , and hence
again we get Zp) o, 5, = Z(p),as,5,- Lhus, Sp is a partially ordered set under
Lip),a1,6: N Q[X] C Lip),a2,5, N Q[X] for Lip),as,6: € Sp.

Let B, be the set of ultrametric balls in C,, with center in (C'];‘r and possibly
infinite radius, namely:

B, = {Bp(a,6) | (a,6) € CY" x (QU {o0})}
with the conventions that

- if § = oo, then « is transcendental over Q.
- if § < oo, then a € Q.
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Note that the Galois group G, = Gal(Q,/Q,) acts on B, (Lemma 1.8 and
Theorem, we denote by B, /G, the set of equivalence classes of B, under
this action. Note that, by Remark the cardinality of an equivalence class
of a ball By(a,d) under the action of G, is infinite precisely when § = oo

and o ¢ Q,.
Theorem 3.19. The map

Op:  By/Gp— Wy

[Bp(oz, 5)] — Z(p%a’(;

s a bijection.

Proof. We show first that ©,, is well-defined. If [B,(c, §)] = [Bp(a’,d")] then
there exists o € G, such that B,(«a,d) = o(By(a/,§")) = By(o(d’),d), so in
particular we get 0 = ¢’ and vy(a — o(a)) > 6. Hence, by Proposition
we have Zy) o5 N Q[X] = Z) o5 N Q[X] and thus by Remark (2) we
8t Zp).as = Lip).al o

For the injectivity of ©,, if the equality Z(,) o5 = Z(p) a5 holds, then
in particular Z,) o s N Q[X] = Z) o 5 N Q[X] and the same arguments as
above show that [B,(a,8)] = [By(a/,d)].

The surjectivity of ©, follows from Theorem [3.6} O

4. PoLYNOMIAL KRULL DOMAINS

We are interested in characterizing polynomial Krull Domains, i.e., Krull
domains R such that Z[X] € R C Q[X]. Note that since Z[X] is a 2-
dimensional Noetherian domain, by [I8, Theorem 9] such a Krull domain
R is an integrally closed Noetherian domain of Krull dimension at most 2.
Conversely, it is well-known that every integrally closed Noetherian domain
is a Krull domain (for example, see [32, Chapter VI, §13, (b), p. 82]).
Hence, we are describing the family of integrally closed Noetherian domains
between Z[X] and Q[X]. Given a prime ideal @ of an integral domain R as
above, we say that @ is unitary if Q NZ = pZ for some p € P and that @ is
non-unitary if Q@ NZ = (0).

4.1. Representations of polynomial Krull domains. We recall that
we have the following representation of the PID Q[X] as an intersection of
DVRs:
QX = () QX]y
qe'pirr

where P is the set of irreducible polynomials of Q[X] and Q[X J(g) is the
localization of Q[X] at the prime ideal generated by ¢(X).

In general, let R be a polynomial Krull domain, A = {p € P | pR C R},
X'(R) be the set of height one prime ideals of R, and X}(R) = {Q €
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X'(R) | p € Q} for each p € A. Then X} (R) is finite, R¢ is a DVR for all
Q € X,(R), and

R=(( [\ RenQlX].

PEA QeX)(R)

Hence, for each p € A, there exists a finite set {Wp,1,..., Wy, } of DVRs
with quotient field Q(X), so that W}, ; NQ = Z,) for j =1,...,m;, and

(4.1) R= () Wps) NQIX] = ([ (Wp; N QIX])).
peA j=1 peh j=1
For each p € A, let
(4.2) R, = (W, N QIX])
j=1

It is clear that R, is a Krull domain between Z,)[X] and Q[X] and R =
N Ry

pEA

Lemma 4.3. Let p € P and R be a ring between Z[X| and Q[X] such

that R = () Rg and Rg is a DVR for all @ € X'(R), XI%(R) =
QeX'(R)
{Qe XY (R) | peQ}and R, =( () Rg)NQ[X]. Then the following
QEX}(R)
statements hold true.
(1) R= () R,.
peP

(2) If Ry = (Z\ pZ)~'R, then Ry = Ry.
(3) Rpy NQ = Zy).

Proof. (1) If @ is a prime ideal of R, either Q NZ = (0) or Q NZ = pZ
for some p € P. Moreover, if Q@ NZ = (0), then Q[X] C Rg. Hence,
R=RnNQX]=N( N Re)NQX]) = Ry
peEP  QeX](R) peP

(2) (C) Let % € R(,), where f € R and n € Z is not divisible by p.
Then clearly % € Rg, for every @ € XI}(R) since the value of each of the
corresponding valuation of n is zero and R C R,. Thus, R(p) C R, (D)
Conversely, let h € R,. Then we may write h = mipk’ for some g € Z[X],

m € Z not divisible by p and k > 0. Then mh = ]% is clearly in R (because
for each ¢ € P, ¢ # p, p* is a unit of Rg for all Q € X;(R)). Thus, we also
have R(p) 2 Rp.

(3) The result follows from the following two observations: (i) RgNQ =

Ly for all Q € X}(R) and (i) R,y = R, by (2). O
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QeX}(R)
is a Krull domain if and only if R, is a Krull domain for all p € P and, for
any 0 # f € Z[X], fR, = R, for all but a finitely many p’s in P. Hence, in
the remaining part of this paper, we first study when R, is a Krull domain
and we then study the Krull domain R by investigating the property that
if f € Z[X] is nonzero, then fR, = R, for all but a finitely many p’s in P.
The first case will be called “Local case” and the second one “Global case”.

Let R be as in Lemma and R, = (] Rgq forallp € P. Then R

4.2. Local case. Let p € P be fixed. In this section we consider a Krull
domain R between Z,)[X]| and Q[X]; we show that R can be represented as
a ring of integer-valued polynomials over a finite union of ultrametric balls
in C,. Clearly, for every such R we have

(4.4) R=(\W; nQ[X]
j=1

where {W; | j = 1,...,m} is a finite family (possibly empty) of DVRs of
Q(X) lying above Z.

4.2.1. Irredundant representation. We first investigate when a representa-

tion of a Krull domain between Z,)[X]| and Q[X] as in is irredun-

dant. Let D be an integral domain with quotient field K and suppose that

D = Vi, where {V;};cr is a family of valuation domains of K (by Krull’s
i€l

Theorem this is equivalent to say that D is integrally closed in K). As

in [15], we say that an element V = V;, of this family is superfluous if

D = (] V; and that the representation D = () V; is irredundant if no
i€l izio el

element V; of the family {V;};cs is superfluous.

The following result is classical, see for example [23, Remark on page 296]
or [14, Corollary 43.9].

Theorem 4.5. Let D be a Krull domain. Then {Dp | P € X'(D)} is the
unique defining family for D, that is, if {V,} is a defining family for D,
then {Dp | P € XY(D)} C {Va}.

Let D be a Krull domain. Theorem also says that if A is a subset
of XY(D), then D C () Dp if and only if A € X'(D). In particular, for
PeA
every P € X!(D), Dp is not superfluous for the defining family {Dp | P €
X1(D)}, which therefore realizes the unique irredundant representation of
D.

Corollary 4.6. Let D be a Krull domain, {V,} be a defining family for D
and V' € {V,} with mazimal ideal M.

(1) V is superfluous in D = (\Vy if and only if ht(M N D) > 2.
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(2) The intersection D = (| V,, is irredundant if and only if ht( M,ND) =
1 for all c. *

Proof. (1) Suppose that V' is not superfluous in D = |V, and let R =
«

| Va. Then D=RNV and R ¢ V. Hence V = Dynp [19, Lemma 1.3],
VatV
and since V' is a DVR, ht(M N D) =ht((M N D)Dynp) = 1. Conversely,
assume that ht(M N D) < 2. Then ht(M N D) = 1, and hence Dynp is a
DVR. Note that Dynp €V, so Dynp = V. Thus V is not superfluous in
D = (V.

(2) This follows directly from (1). O

Corollary 4.7. Let R be as in and let W = Wj for some j €
{1,...,m}. If W' is a DVR extending Zy such that w < w', then R C W'
and the center of W' on R has height two.

Moreover, if W" is another DVR extending Z, such that w < w' < w",
then MNRC M'NR=M"NR.

Proof. By assumption that w < w’, we have R C W N Q[X] € W/ N Q[X].
Hence W is superfluous in RNW’, and since W # W’ we have ht(M'NR) >
2 by Corollary [4.6] Note that dim(R) < 2. Thus ht(M’' N R) = 2.

For the last statement, we have R C W/NQ[X] C W”'NQ[X], so M'NR C
M" N R. Since dim(R) < 2, equality holds in the previous containment. [

Corollary 4.8. Let R be as in (4.4)). Then, for every q € Q[X] irreducible,
Q[X](q) is not superfluous in that representation of R.

Proof. Let @ be the center of Q[X](,) on R. Then QNZ = (0), and hence if

S =7\ {0}, then Rg = (| (W;)s NQ[X] = Q[X] [14, Proposition 43.5] and
i=1

QRs € Rg. Thus htQ = ht(QRgs) = 1, so, by Corollary 2., Q[X]q) is

U

not superfluous.

Remark 4.9. (1) By Proposition geometrically the representation
of R in is irredundant if and only if the balls B,(,d;), (as,0;) €
(O);f;r X (Q>pU{o0}), fori = 1,...,n, are disjoint under the action of the Galois
group Gy, in the following sense: for each pair of balls B,(a, , 8, ), Bp(cviy, 6, ),
there is no o € G, such that By(«;,,d;,) is contained in o(Bp(i,, diy)) (see
Remarks . Equivalently, the balls B,(o(a;),d;), for i = 1,...,n and
o € Gy, are disjoint. We stress that the number of such balls is finite if and
only if there is no j € {1,...,n} such that o € @gr \ Z, (see Remark .

(2) By Corollary and Corollary the representation of R in (4.4)
is irredundant if and only if M; N R has height one for j = 1,...,m, where
M; is the maximal ideal of Wj.
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Now we study some basic ring-theoretic properties of R = (m] W; NQ[X],
=1

which are very useful for the study of polynomial Krull dom;ins. In partic-
ular, we characterize when the prime unitary ideals of R are maximal. If W
is a DVR of Q(X) extending Z,) for some p € P, we denote by e(W | Z,))
the ramification index of the extension W O Z,. If a € (Cg’r, we denote by
e(Qp(a) | Qp) the ramification index of the extension Q,(c) D Q) (we stress
that this extension is algebraic precisely when o € @p)

Theorem 4.10. Let p € P. Suppose that W; = Z) o, 5, for some (o, ;) €
Clr x (QU {oo}), is a DVR of Q(X) eatending Z,) and X € W; for j =
1,...,m. Now, let M;j = M) o, s, foreach j=1,...,m, and

(4.11) R:fﬁ@m@ﬂk
j=1

If the representation of R in (4.11)) is irredundant (namely, ht(M; N R) =1
forj=1,...,m), then the following statements hold:

(1) R is a Krull domain such that Z,)[X] € R C Q[X].

(2) X'(R) = {M; (R | j = 1,...,m}U{fQX| N R | f € Q[X] is
irreducible}.

(3) M;NR is a mazimal ideal of R if and only if W is residually algebraic
over Zip)-

(4) Suppose that (aj,0;) is a minimal pair if 6; € Q. Then we have

, _ e(Qp(a;)|Qp), if 6 = 00
eWilto) = { e(Qp(0)|Qp)e(;|Qp(ay)), if 8; < 00

where v; = w;(fa;), fa; is the minimal polynomial of o over Q,
and e(vj|Qp(a;)) is the smallest natural number n such that nv; is
in the value group of Qp(c;).

(5) If ej = e(Wj|Zyy) for j = 1,...,m and d = ged(ex, ..., en), then
CIR) =17/dZ & 7" 1.

(6) R is Dedekind if and only if 6; = co and o is transcendental over
Q foreach j=1,...,m.

Proof. (1) Clear, since R is a finite intersection of Krull domains with the
same quotient field ([7, Chapter VII, §1, 3. Exemples, 3)]).

(2) The containment (2) follows by [10, Corollary 2.3(3)] and the assump-
tion that M; N R € X'(R) for all j € {1,...,m}. The other containment
follows easily by Theorem

(3) If Wj is residually transcendental over Z,), that is, §; € Q (Theorem
, then the claim follows by Corollary Suppose instead that W; is
residually algebraic over Z,, that is, 6 = oo (Theorem . We have the
following containments: Z/pZ C R/(M; N R) C W;/M;j; since W;/M; is
algebraic over Z/pZ, it follows that M; N R is a maximal ideal of R.
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(4) If §; < o0, see [2, Theorem 2.1, c)], while if §; = oo, see [25, Proposi-
tion 2.2].
(5) Let G be a free abelian group of rank m on the generators g1, ..., gm

and H be the subgroup of G generated by r = > e;g;. Then CI(R) = G/H
i=1

[0, Theorem 2.4], and since d = ged(ey, . . ., em), CI(R) = Z/dZ & Z™! [10,
Remark 1.6].

(6) A Krull domain is Dedekind if and only if it has (Krull) dimension
one ([32, Theorem 28, Chapt. VI, §13]). The proof then follows from items
(2), (3) and Theorem O

Definition 4.12. An infinite family {W;};c; of DVRs of Q(X) will be said
to be polynomially finite if there exists a finite set {Vi,...,V,} of DVRs of

Q(X) such that N W; NQ[X] = N V; NnQ[X].
i€l j=1

For example, putting together (3.13) and (3.15)), we have

ﬂ Op.at 00 N Cp[X] = Oy 0.5 N Cp[X].
a’€Bp(a,d)

Note that an element of the family {Q) o ~ | &' € By(,8)} is a DVR if and
only if o is transcendental over Q ([25, Proposition 2.2]), so in particular,
not every of the valuation overring Oy o, 0o above is a DVR.

The next theorem establishes when an infinite family {W;};c; of DVRs
of Q(X) extending Z,) is polynomially finite.

Theorem 4.13. Let p € P. Suppose that Zy) a,5,, for some (a;,d;) €
(Cff x (QU{oo}), is an infinite family of DVRs of Q(X) extending Z ), for
i €1, and let R = (] Z),a,5, N Q[X]. Then the following statements are
el
equivalent:
(1) R is a Krull domain.
(2) The set {Zy).a,5, | @ € I} is polynomially finite.

(3) R = jr_]lz(p),ajﬁj NQ[X] for some {(aj,0;) | j=1,...,n} C CI(;T X

(QU{oo}).
(4) There exists a finite subset {(o,0;) | j = 1,...,n} of Cgr x (QuU

n
{oc}), so that R C () Zy),a,s; and for each i € I, there exists

7j=1
j € {1,...,n} such that 6; > 6; and v(a; — o(cj)) > 65, for some
o€ Gp.
Proof. (1) = (2) Let A = X} (R). Then A'is finite, R = (| RoNQ[X], Rq

QeA
is a DVR of Q(X) extending Z). Thus {Z,) 4,5, | i € I} is polynomially
finite.
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(2) = (3) This follows from the fact that each DVR of Q(X) extending
Ly is of the form Z, , 5 for some (a,6) € C};r X (QU {o0}) by Theorem
5.0l

(3) = (1) Clear, since R is a finite intersection of Krull domains with the
same quotient field ([7, Chapter VII, §1, 3. Exemples, 3)]).

(3) = (4) Each Z(,) a5, is an overring of () Zp) a5, N Q[X], so by
j=1
Proposition 9; > 0; and v(ay — o(ay)) > 9, for some j € {1,...,m}
and o € G,

(4) = (3) Suppose that for each i € I, there exists j € {1,...,n} such
that §; > 0; and v(ay — o)) > &5, for some o € Gp,. Then by Proposition

3.16) Z

p)vaiv

5, is an overring of [ Z(y) o5, N Q[X], so the containment (2)
=1

n
holds and the equality follows because R C () Lp),j,6;- ([
j=1
Remark 4.14. Geometrically, condition 4. of Theorem means that
the union of the balls By(«a;,d;) in Qp, for i € I (each of them corresponds
to a valuation domain Zy) ,, 5,), is contained in finitely many of them up to
the action of the Galois group G, namely:

UBieianc U U Bilolay). o).
el j=1,...mo€Gy
We can now characterize Krull Domains R between Z,)[X] and Q[X]. By
Theorem [3.6] we may restrict to consider in the defining family of DVRs of R
only those DVRs extending Z, defined by pairs («, d) € @Er X (Q>pU{o0}).
We recall that Z,)[X] is a Krull domain (for example see [13, Proposition

1.6]). If Z 0,0 is the valuation domain of the trivial Gaussian extension,
then Z(p) [X] = Z(p),O,O N Q[X] = IntQ((@p).

Theorem 4.15. Let p € P and R be a Krull domain between Z[X] and
Q[X]. Then there exist finitely many pairs (o, d;) € (D)Ib,r X (Q>0 U {o0}),

1=1,...,n, with a; transcendental over Q if 6; = 0o, such that
(4.16) R = () Z)a;6 N QIX] = Intg (B, Op),
=1

n.o _
where E, = |J Bp(a;,06;). Moreover, if the representation in (4.16)) is irre-
i=1

dundant (seeiRemark , then R is Dedekind if and only if either n = 0
(and then R = Q[X]) orn > 1 and §; = oo for each i = 1,...,n; thus, in
either case, R is Dedekind if and only if E, contains finitely many elements.

Proof. We remarked at the beginning of this section in (4.4)) that R =
n
M Wi N Q[X], where W; is a DVR of Q(X) containing Z,[X], for each
i=1
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i =1,...,n. By Theorem there exist (o, d;) € @Er x (Q>0 U {o0})
such that W; = Z,) o, s,, for each i = 1,...,n. Note that, if ; = oo, then
necessarily o must be transcendental over Q ( The representation of
R as a ring of integer-valued polynomials follows by .

Clearly, RN Q is equal either to Q or to Z,) according to whether the
family of DVRs W; is empty or not. In the former case, R = Q[X] which
is a PID (thus, Dedekind and a UFD). In the latter case, by [26, Theorem
3.14], the Krull domain R is Dedekind if and only if there is no W; which is
residually transcendental over Z,). This corresponds to saying that §; = oo
for each i = 1,...,n, by Theorem [3.6 O

4.2.2. Non-unitary prime ideals. Let R be a polynomial Krull domain be-
tween Z,[X] and Q[X] as in ([£.4). Let ¢ € Q[X] be irreducible and let
Q = q(X)Q[X]y N R. By Theoremm (2), @ is an height 1 prime ideal of
R and Rg = Q[X](g)- In this section we characterize when @ is a maximal
ideal of R.

In general, we remark that if W is a valuation domain of the field of
rational functions K(X) over a field K and W has dimension at least 2,
then W N K =V is a valuation domain of K which is not K itself. In fact,
WNK =K < K CW and in this case W would be a DVR ([11] p. 3]).

Proposition 4.17. Let W be a valuation domain of K(X) such that W C
K[X]q) for some irreducible ¢ € K[X]. Let V.= W N K. Then, there
exist a root « € K of q¢(X) and an extension U of V to K(«) such that
W =Un={¢ec K(X)|d(a) €U}

Proof. Let 7 : K[X], — K[X]/(q) = K(a) be the canonical residue map,
where « is the residue class of X and can be identified to a root of ¢g. Note
that for ¢ € K[X]y), 7(¢) = ¢#(a) because 7 is an homomorphism.

It is well-known that every valuation domain W strictly contained in
K[X]( is of the form 7~ (U), where U is a valuation domain of K (a);
moreover, U = 7(W) = W/Q, where @Q is the maximal ideal of K[X]).
Hence,

(4.18) U=W/Q={¢(a) e W}={¢(a) € K(a) | §(e) € U}.

(Actually, every element of K («) is of the form g(«) for some g € K[X]).
Moreover, the maximal ideal of U is equal to My /Q, where My is the
maximal ideal of W. In particular, UNK =V. Infact, if eV =W nNK,
then 7(8) = B because 7| is the identity. Hence, 8 = 7(3) € U = W/Q.
Similary, one can show that My C My = My /@, the maximal ideal of U.
Therefore, V =U N K.

Finally, by and the above considerations,

W=r"(U)={¢ € K(X)| é(a) € U} = Ua.
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We remark that if we consider the completion of K(«) with respect to

the valuation domain U, we may consider « as an element of K , algebraic
over K, so that we have the equality:

W= {6 € K(X)|¢a)eU}

where U is the completion of U.

Theorem 4.19. Let p € P and let R = ﬂ Zp),a;5; N QIX] be a Krull

domain, where (aj,0;) € C, x (QU {oo}) fOTj =1,....m. Let Q =
¢(X)Q[X]N R be a non- umtary prime ideal of R, for some irreducible q €
Q[X]. Then Q is a mazimal ideal of R if and only if q¢ has no root in

L:j (0, 65).

Proof. Note that when R is Dedekind (that is, §; = oo for j =1,...,m by
Theorem m (7)), then @ is automatically maximal. In this case each ball
By(aj,d;) is the singleton {a;} which is necessarily transcendental over Q
because otherwise Z ;) o, 0o would not be a DVR.

In general, suppose that g(a’) = 0 for some o’ € U Bp(aj,8;). Then,
we have these containments:

R C Zg)ar = L)oo C QX](g)

where the first containment follows by Proposition and the second one
from the fact that Q[X], = {¢ € K(X) | ¢(¢/) € Q,}. In particular,
Q C M) o NR, so Q is not a maximal ideal.

Conversely, suppose that Q C M C R for some height 2 maximal ideal M
of R, which necessarily contains p. By [14, Corollary 19.7], there exists a 2-
dimensional valuation overring W of R with non-zero prime ideals Q" ¢ M’
such that @ NR = Q and M'NR = M. Note that WNQ = Z, and Wy =
Rqg = Q[X](,). By Proposition there exist an extension U of Z, to
Q[X]/(q) and a root o’ of ¢(X) such that W = {¢ € Q(X) | ¢(’) € U}. By
the remark after that Proposition, we may assume that o/ € @p, necessarily
algebraic over Q, so that W = Zy o = Zp) o/ ,00- Since R C Zp) o, it
follows by Proposition that o/ (or possibly some of its conjugate) is in
UjL, Bp(aj,d5), as claimed. O

Corollary 4.20. Let R and Q be as in Theorem[4.19 and suppose that Q is
not a mazimal ideal. Then the maximal ideals of R containing @) are unitary
and they are finitely many.

Proof. If Q € M C R where M is a maximal ideal, the above proof of
Theorem shows that M = M o N R, where o is a root of ¢(X).
Hence, such M'’s are finitely many. O
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4.2.3. Unique factorization domains. In this section we completely describe
the UFDs between Z,)[X] and Q[X], where p € Z is a fixed prime. It is
known that an integral domain is a UFD if and only if it is a Krull domain
with trivial divisor class group [13, Proposition 6.1].

The following lemma follows from [29, Proposition 3.2 & Proposition 3.7],
but for the sake of the reader we give a self-contained proof.

Lemma 4.21. Suppose o € @p is unramified over Q, and let ¢, € Qp[X]
be its minimal polynomial. Then, Up.a,6(qa) = k6 + 7y, for some v € Z and
k= #(Q N By(a,d)), where Q is the set of conjugates of a over Q.

Proof. We remark that Q, C Qp(a) because Q,(«)/Q, is a Galois extension.
Note also that ¢o(X) = ][] (X —«') over Qp(c). For each o’ € Q,, we

USSP
have
Upas(X — ') = min{d, vy(a — ')}
so that
Up,a,é(Qa) = Z 0+ Z vp(a — O/) = kb + ¥
o’ €QaNBp(a,d) o’ €Qa\Bp(a,0)
where 7 = > vp(a — a’). Let Og,(q) be the ring of integers of

a’€Qa\Bp(a,6)
Qp(a), s0 Og,(a) is a valuation domain. Then, as « is unramified, Og,(a)
and Z, have the same value group, and thus we have v € Z. More precisely,
v = vp(h()), where h(X) = II (X —d). O
o' €Qa\Bp(a,0)

Next, we show that the cardinality of the set of conjugates of o over Q)
in Bp(a, §), namely, the quantity # (2, N Bp(a, §)) is 1 when « is unramified
over Q, and («, ¢) is a minimal pair.

Proposition 4.22. Let (o,0) € Q, x Q be a minimal pair such that o
is unramified over Q,. Then #(Qy N By(a,d)) = 1. In particular, v =
Up.a,6(qa) =0+ A, for some X € Z and we therefore have:

e(v ] Qp(@)) = e(d | Qp)

Proof. Suppose first that o € Q, so that ¢o(X) = X — a and Q, = {a}.
Then v 4 5(¢a) = 0 and the statement is true in this case.
Suppose now that o € Q,. We consider the following constants:

dg, () = sup{up(a—c) [ c € Qp, [Qplc) : Qpl < [Qp(@) : Qul}
wg,(@) = sup{vy(a—a) o’ € Q\ {a}}
which are both well-defined because a ¢ Q,. It is known that dg, () is
a maximum (see for example [28] Lemma 1.2]) and so in general we have
the inequality dg,(a) < wq,(a) (which follows by the classical Krasner’s

lemma). Since Qp(«)/Q) is unramified, by [22, Theorem 1.3] we have the
equality dg,(a) = wg, (). Moreover, from the definitions it follows that



32 G. W. CHANG AND G. PERUGINELLI

l(qoz,(S) is a minimal pair if and only if 6 > dg,(a). Now, if 8 € By(a, 6), we
ave

vp(a — B) > 6 > dg,(a) = wo, (@)

so, the only conjugate of o in By(a, ) is « itself, that is, #(Q2aN By(a, §)) =
1.

The last claim now follows by Lemma and the displayed equation is
clear from the fact that A € Z. O

The next theorem characterizes when a DVR of Q(X) extending Z,) is
unramified over Z .

Theorem 4.23. Let W be a DVR of Q(X) extending Z,) containing X.
Then W is unramified over Z, if and only if there exists a minimal pair
(o, 0) € @gr X (Z>oU{oo}) such that W = Z ) o5 and Qp(a)/Qy is unram-
ified.

Proof. By Theorem there exists (a,8) € CJ' x (QU {oo}) such that
W =Zp)as:

Suppose first that W is residually algebraic over Z,), so, by the same
Theorem 6 = oo and « is transcendental over Q. In this case, if « € @p,
then by [25, Proposition 2.2] we have e(W | Z,)) = e(Qp(a) | Qp). If
instead a € C, \ Qp, then e(W | Z,)) = e(Zpas | Zp) = e(Qp(a) | Qp),
where the first equality follows from [28, Proposition 2.24] and the second
equality from [28| Proposition 2.14]. In either case, the claim follows.

Suppose now that W is residually transcendental over Z,), so in par-
ticular, 6 € Q by the aforementioned Theorem, and we may assume that
a € Qp. By [2, Theorem 2.1], e(W | Zy) = 1 if and only if the following
condition holds:

there exists a minimal pair (a,d) € Q, x Q of definition of W such
that Qp(a)/Q, is unramified and w(ga) € T'g,(a) Where g, is the
minimal polynomial of a over Q,,.

By Lemma we have w(qa) = Upas(¢a) = k0 + A, where k = #(Qn N
By(a,d)) and X € Lo, = I'g, = Z; in particular, we have w(qa) €
PQP(O‘) < ke Z.

If a € Qp, then ¢o(X) = X — o, 80 vp4,5(¢a) = 0 which is therefore
an integer. Suppose that a ¢ Q,. Since (a,d) is a minimal pair, 6 > 0.
By Proposition we have kK = 1, so that above displayed condition is
equivalent to the condition of the main statement of the theorem. O

Theorem 4.24. Let R be a ring between Z,)[X] and Q[X]. Then R is a
UFD if and only if either R = Q[X]| or R = WNQ[X] where W is a DVR of
Q(X) extending Ly unramified over Zy, . More precisely, the last condition
holds if and only if there exists (a,d) € @be X (Z>o U {o0}) such that « is
unramified over Q, and in this case R = Intg(By(a,d),0p).
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Proof. A UFD is just a Krull domain with trivial divisor class group [13|
Proposition 6.1]. So, if R is a UFD, then, by Theorem we have R =
m

ZDl Zip) a5 NQ[X], for some (a,6;) € OPF x (Qxo U {oo}), fori=1,...,n.

By items (4) and (5) of Theorem either R = Q[X] or R = Z;) ,sNQ[X]
and Z(p) .5 is unramified over Z, , 5. Conversely, if R has the stated form,
then by Theorem R is a Krull domain with trivial class group, hence,
a Krull domain.

The proof of the last claim follows from Theorem O

Example 4.25. Let R be a UFD between Z,[X] and Q[X]. We remark
that R is equal to Q[X] precisely when p is a unit of R, otherwise R = W N
Q[X] for some DVR W of Q(X) extending Z), such that W is unramified
over Z,). Note that R = Z,)[X] if and only if W = Z;) ¢ 0.

4.3. Global case. In this section, we globalize the results of Section |4.2
Namely, we consider a subset A C P, W), ; a DVR of Q(X) with X € W, ;

Mp

and W, ; NQ =Z,y, and R= [ ([ (Wp; NQ[X])).
peA j=1

4.3.1. When a polynomial Krull domain is Dedekind. Let R be a polynomial
Krull domain. The next proposition shows that if all the unitary DVRs of
the defining family of R are residually algebraic extensions of Z ), for p € P,
then R is a Dedekind domain. We first recall the following definition given
in 27, 28].

Definition 4.26. Let E = [[ £, CO =]

peP

E is polynomially factorizable if, for each g € Z[X] and o = (o) € E, there
exist n,d € Z, n,d > 1 such that % is a unit of O, that is, UP(W) =0
for all p € P.

pcp Op be a subset. We say that

If every oy, € E,, is transcendental over Q for every p € P, [27, Lemma 2.12]
shows that a set E as in the above definition is polynomially factorizable if
and only if, for each g € Z[X], the following set is finite:

Py.g = {p € P| 3oy, € E, such that v,(g(ay)) > 0}.
Clearly, we have
Pyg = {p € P| 3oy € E}, such that g € Z[X] N M) q,

where M, . = M 0o 18 the maximal ideal of Z(p) o, = Z(p),ay,00-

p)vaP
Proposition 4.27. Let R be a Krull domain between Z[X| and Q[X]. Then
the following statements are equivalent.

(1) R is a Dedekind domain.
(2) Each unitary DVR W of the defining family of R is a residually
algebraic extension of W N Q.
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(3) R = Intg(E,Q), for some subset E = [[ E, C O = [] O, such
p€eP peP

that E, C @z’" is a finite set of transcendental elements over Q for
each p € P.

In this case, E is polynomially factorizable.

Proof. (1) = (2) This is an immediate consequence of Theorem (3).
(2) = (3) Let {W;}ier be the proper subset of the defining family of
DVRs of R which are extensions of Z,) for some p € P. By Theorem

if W; is a residually algebraic extension of Z,), then there exists a;, € @Er,
transcendental over Q, such that W; = Z,) o, = Z(p),a,,00- For each p € P,

we denote by E, the subset formed by these o, € @Br . Then the defining
family of DVRs of R is equal to:

{Z(p)yap |peP,a,c Ey}U {Q[X](g) | g € Q[X], irreducible}

In particular, we have

R=(\WinQX]=() () Zpa, NQX] =[] Intg(E,, Op)

i€l peP op€E, peP
where the last equality follows from Remark Note that we also have
() Intg(Ep, 0p) = Intg(E, Q) = {f € Q[X]| f(a) € O,Va € E}

peP
where E = HEp,(O) H@ and f(a) = (f(ap))p if @ = (o), € E. Finally,

let p € P. Then since p € R, p is contained in finitely many centers of the
defining family of DVRs of R. This implies that E), is finite.

(3) = (1) Let M be a maximal ideal of R. If MﬂZ = (0), then ht M =1,
so assume that M NZ = pZ for some p € P. Note that R = Intg(£, Q) =
N N Zp)a, NQX], soif S =Z\pZ, then Rs = [\ Zg).q, NQ[X] by
peEP apeE)p ap€l,
Lemma 4.3{and ﬂE Z(p) o, NQ[X] is a Dedekind domain by Theorem [4.15

apChyp
Hence, ht M = ht(M Rg) = 1. Thus, R is a one-dimensional Krull domain,
therefore R is a Dedekind domain.

Now for the proof of “In this case”, let f € Z[X]| C R. Since R is a
Krull domain, f is contained in only finitely many centers of the valuation
domains of the defining family for R (clearly, f is contained in finitely many
centers of the non-unitary valuation domains Q[X]4), which are the non-
unitary prime ideals of R ). This precisely means that the set Py p = {p €
P | 3oy, € Ep, vp(f(ap)) > 0} is finite. Hence, E is polynomially factorlzable
by [27, Lemma 2.12]. O

In particular, a polynomial Krull domain which is not Dedekind must
have an essential valuation overring which is a residually transcendental

extension of Z,, for some p € P.
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Proposition 4.28. Let R be a polynomial Krull domain. Then R = R1NRs,
where Ry is a Dedekind domain such that Z|X] C Ry C Q[X], and Ry is
either a non-Prifer Krull domain such that Z|X] C Ry C Q[X] and Q is
not mazimal for all Q € X*(Ry) with QNZ # (0) or Ry = Q[X].

Proof. Let W(R) = {W, }ier be the subset of the defining family of DVRs for
R which are unitary valuation domains. Note that W(R) = () is equivalent
to saying that R = Q[X]; in this case we have R; = Ry = Q[X]. Suppose
now that W(R) # 0. We partition W(R) into the subset Wia(R) of resid-
ually algebraic extensions of Z,) for some p € P and the subset Wy (R) of

residually transcendental extensions of Z, for some p € P.
We set:

Ri= () WinQX] and Rp= () W;nQLX].
W;EWra(R) W;EWre(R)

Then R = Ry N Ry. Clearly, Ry = Q[X] if and only if Wya(R) = 0 and sim-
ilarly Ry = Q[X] if and only if W,4(R) = (. Note that since Ry and Ry are
both subintersections of the Krull domain R, they both are Krull domains.
Moreover, by Proposition Ry is Dedekind, while if Wy¢(R) # ), then
Ry is not Priifer, since every W; € W;¢(R) is residually transcendental over
Wi NQ (see [26, Theorem 3.14]).

Now, suppose that Ry C Q[X]. Let Q € X*(Ry) be such that QNZ # (0),
so @NQ = pZ,) for some p € P. Then (Ry), = W, for some Wy, € Wi (R)
by [10, Corollary 2.3(i)]. It is clear that if S is the multiplicative subset
of Z generated by P — {p}, then (Rz)g is a Krull domain between Z [ X]

and Q[X]. Note that (R2)s = (| (Wi)s NQ[X] and (Wy)g = W, so
Wi eWrt(R)

Qs is not a maximal ideal of (R2)g by Theorem (3). Thus @ is not a

maximal ideal of Rs. O

In Proposition Ry = Q[X] if R has no valuation overrings which are
residually algebraic extensions of Z, for all p € P, and Ry = Q[X] if R
is a Dedekind domain (or, equivalently, R has no valuation overrings which
are residually transcendental extensions of Z, for all p € P). Therefore,
the objective is now to characterize when, for a given family {W;};c; of

residually transcendental extensions of Z,), p € P, the ring [ W; N Q[X]
el
has finite character, and thus is a Krull domain.

4.3.2. Centers of monomial valuations on Z[X]. Let p € P be fixed. Given
(@, 8) € C, x (QU{oo}), we denote the maximal ideal of Zy) o5 by M(p) a.s-
By Theorem [3.6, Zp) 5 is an overring of Zgy[X] if and only if (a,6) €
Op x (Q>0p U {oo}). In this section, we restrict to this case and describe the
center of Z ) o5 on Z,)[X], namely, My o5 N (Zgy [X]).

Let M, be the maximal ideal of Q,. We set Int(B,(a,8),M,) = {f €

CplX] | f(B(a,d)) C M,}. It is easy to see that Int(Bp(«, §), M) is an ideal
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of Int(By(,8),0p). The following lemma shows that this ideal is precisely
the center of Qo5 on O o5 N Cp[X] = Int(By(c,0),0p) (see (3.13))).

Lemma 4.29. Letp € P, (o, §) € C, x (QU{oo}) and M, o 5 be the maximal
ideal of Op 5. Then, we have

Mp a6 N (OpasNCplX]) = Int(By(a, ), M,).

Proof. The statement clearly holds if 6 = co. Suppose then that § < co.
(©) Let f € Mya,6N (Opas NCplX]). Then, if f(X) =Y ar(X — a)F,
k

we have vp(ag) + k6 > 0 for each k. In particular, if o/ € C, is such
that vy(av — o) > 9, we have f(a/) = Zak(o/ — a)*, so that v,(f(a’)) >

ming{vy(ax) + kd} > 0. Hence, f(B(a, )) C M,

(D) Let f € Int(Bp(«,6),M,) C Int( ) (a, 5) 0p). Let E = {an}nen C
By(a,d) be a pseudo-stationary sequence such that §p = § and let v, g be
the associated valuation (see [29]). By [29, Proposition 3.7], vp a5 = Up.E
and by [29, Theorem 3.4], f(X) is in the maximal ideal of Oy g = O, 4 5,
because by assumption vy,(f (o)) > 0 for every n € N; thus, f € M, 5. O

For each p € P, let F), be the finite field of p elements, i.e., F,, = Z/pZ, and
f be the image of f € Z[X] in Fy[X]. Let Spec(Z[X]) (resp., Max(Z[X]))
be the set of prime ideals (resp., maximal ideals) of Z[X]. Note that
dim(Z[X]) = 2 and each maximal ideal of Z[X] has height two, so

Spec(Z[X]) = {0} U X}(Z[X])U Max(Z[X]) and X (Z[X])N
Max(Z[X]) = 0.
It is well known and easy to see that
(a) XNZ[X]) = {pZ[X] | p € P}U{fZ[X] | f € Z]|X] and f is irreducible
in Z[X]} B
(b) Max(Z[X]) ={(p, f) | p € P, f € Z|X] and fF,[X] is a prime ideal}.
In particular, for each p € P,
Spec(Z)[X]) = {0} U{pZ,)[X]}
U {fZ(p) [X] ‘ fe Z(p) [X] and f is irreducible in Z(p) [X]}
U {(p, f) | fF,[X] is a prime ideal }.
Recall that if & € Op, then @ is the image of & modulo M, and g,(X) €
Z)[X] denotes a monic polynomial such that g,(X) is the minimal poly-
nomial over @& over IF,,.

Proposition 4.30. Let p € P and (o, 0) € Op x (Q>0 U {o0}). Then

_J ), ifo=0
L) XN Mp) 05 = { (p,9a(X)), if6>0
Proof. Suppose first that 6 = 0. Then Z) o0 = Z(p)00 = Z(p) [X]pZ(p>[X]
(i-e., the trivial Gaussian extension). In particular, Z,)[X] = Z,) 00N Q[X],
so, the center of M, o0 = My 0,0 on Z,[X] is equal to pZ,[X].
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Suppose now that d = co. Since (p, go(X)) is a maximal ideal of Z,[X]
and go € M(p) 0,00, (P 9a(X)) is the center of Zp) o on Z,)[X].
Finally, suppose that 0 < § < co. By Lemma

M) a6 0 (Zip).as N QIX]) = Intg(By(a, §), M,),

80 Zp) [ XIN M) o6 = {f € Z[X] | f(Bp(a,6)) € M,}. Hence, in order to
show that this last intersection is equal to (p, go (X)), it is sufficient to show
that g, maps By(a,d) into M,. If o’ € C,, is such that v(a/ —a) > > 0,
then g, (a’) = go(a) =0 (mod M,,), which is what we wanted to prove. [

Remark 4.31. Clearly, if By(a,8) C O, with § > 0, then for all &/ €
Bp(a,d), we have @ = o/, 50 o = Gor- Hence, for § > 0, the center
of Zp),a,s o0 Zp)[X] does not depend on the particular center of the ball
B(a,d). Most importantly, by Lemma m given a € O, the center of
Z(p) a5 O L [X] is the same maximal ideal for all § € Qo U {o0}.
Putting these two remarks together, for each § € Q,9 > 0, we have that

In particular, for § > 0 and g € Z[X], we have that g € M) , s if and only
if g € My) a0 for some (hence, all) o € By(a, ).

Corollary 4.32. Let p € P and (o, 6;) € Op x (Q>o U {o0}), fori=1,2.
Then Zo)[X] N Mpy.ar5: = L) X] 0 My a,5, if and only if one of the
following conditions holds:
(a) 51 = 52 = 0,‘
(b) 0; #0, fori=1,2, and oy, are conjugate over IF,,. Equivalently,
vp(o(a1) — az) > 0 for some o € G, = Gal(Q,/Q,).

Proof. (=) Suppose first that Z) o, 5,,Z(p),a;,5, have the same center on
Z)[X]. By Proposition we have either §; = do = 0 or ¢; # 0 for
i = 1,2. In the last case, we have Z,)[X] N M) o,5, = (P 9a; (X)), where
9a; € Zp) [X] is a monic polynomial such that ga, is the minimal polynomial
of o; over IFp, for ¢ = 1,2. Then, these prime ideals are the same if and only
if 9o, = Jas, that is, a7, 02 are conjugate over F,. Note that this last
condition amounts to saying that there exists some & € Gal(F,/F,) such
that o(a7) = az. Since 7(ai) = o(aq) for some o € G, [7, Chapt. V, §2.2,
Proposition 6(ii)]), it follows that v,(o(a1) — a2) > 0, as claimed.

(«=) If 01 = 02 = 0, then Z,)[X] N M(p) o, 5, = (p) for i = 1,2. If instead
0; # 0 for ¢ = 1,2 and a7, are conjugate over ), then by the above
arguments we have Z(p) [X] N M(P),al,51 = Z(p) [X] N M(p),a2’52. O

In Corollary if 3; # 0 for i = 1,2, we have the following three
possibilities: (i) oy, a2 are conjugate by the action of G, and 0; = J2 and
SO Z(p),ar,6y = L(p),az,s (and so in particular they have the same center
on Zy[X]), (ii) a1, a2 are not conjugate over @, or (iii) §; # d2 so that
Lipyar,61 7 Lip),as,s, DUt a1, are conjugate over Fy so the corresponding
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valuation domains have the same center on Z,)[X]. For example, if a1, az €
O, are such that vp(a; — az) > 0 (that is, they belong to the same ball
contained in @, of strictly positive radius), then a7 = as.

4.3.3. Finite character. A Polynomial Krull domain R must be of the form

mp

R= N (N Wp; NQ[X])), for some A C P and DVRs W), ;, for each p € A
Aj

and j € {1,...,m,}. But, in general, a ring of this form need not be a
polynomial Krull domain (see, for example, [10, Theorem 3.5] or Example
1.33).

Example 4.33. For each prime p € P, let 6, € Q, 6, > 0, and let
R=()Z@)0s,NQLX].

peP

Then R is not Krull, because X is contained in each center of the residually

transcendental extensions Z,) o5, of Z(y), for p € P.

In this section, we determine when such an intersection is a Krull domain.

We consider the case of a subset £ = [] E, of O such that, for each
peP

p € P, E}, is a finite union of balls in (O)Br:

Mp
Ey = By(apj, 0p5): (apjs0ps) € O x (Qxg U {oo}) for j=1,...,m,,
j=1
with the assumption that «y, ; is transcendental over QQ for each p € P and
Je{l,...,mp}. If §,; # oo this can always be assumed by a density
argument and if d, ; = oo this condition has to be imposed. For each p € P,
we consider the set of centers of the balls in F, of strictly positive radius
given by C(Ep) = {ap1,---,0pm, | 6p; >0,Vj=1,...,m,} and set

C(E) = H C(Ep)
peP
Note that, for each p € P, the set of the centers of {Z(p)yap’j#;p’j | j =
1,...,mp} on Z[X], namely

{Z]X] N M(p)ﬂp’].’(;p,]. li=1,... ,mp}

is finite (possibly, by Corollary its cardinality can be strictly smaller
than m,).

We remark that the choice of a center of an ultrametric ball By(a, d) C Q)
is completely arbitrary (every element of the ball is a center of the ball
itself). However, for our scopes, by Remark a possible different choice
does not affect the next Theorem provided the center of each ball is
transcendental over Q (because, in this case, [27, Lemma 2.12] can be applied
for the proof of Theorem . This property can always be assumed if
dpj € Q>0 and it has to be imposed when 6, ; = oco.
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Theorem 4.34. Let A C P be a subset, E = [[ E, C O where for each
pEA

peEAM E, = U By(ap,js 0pj) with (ap;,dp;) € @br X (Q>0 U {oo}), oy
j=1
transcendental over Q, for each j € {1,...,my} and let R = Intg(E,0),
where E = [] E,, namely:
peEA

R= rw (w Z: ):0p, 5 ,0p r\(}[ ]

peEA j=1

Assuming that the above representation of R is irredundant, then the follow-
ing conditions are equivalent:

(1) R is a Krull domain.

(2) For each (nonconstant and irreducible) g € Z[X], g is contained in
finitely many heigth one unitary prime ideals of R.

(3) For each g € Z[X], the following set is finite:

Dgp={peA|3je{l,....mp} such that g € ZIX]N M), s,,}
(4 ) CE)=T] {anl,...,ap,mp |Vj=1,...,mp,0p; > 0} is polynomi-
peEA
ally factorizable.

We remark that if for some p € A we have 6y o; = 0 for j = 1,...,m,, then
m, = 1 by the assumption that the above representation of R is irredundant.
For such a prime p, we have

Rip) = Zp) a0 NQIX] = Intg(0p) = Z,)[X]
(see for example (3.14)).

Proof. (1) < (2) Note that R is a Krull domain if and only if, for every
feR, f#0, fis contained in finitely many centers of the defining family
of DVR overrings of R, namely, Z,), forpe Aand j =1,...,m,
and Q[X]g), for ¢ € Q[X] irreducible.

Since every f € R can be written as 4, for some g € Z[X] and d € Z,
d # 0, it is clear that f is contained in finitely many centers of the defining
family of DVR overrings of R if and only if the same holds for g, since the
integer d is divisible by finitely many p € A and for each p € A there are
only finitely many DVRs overring of R extending Z,). Moreover, g is clearly
contained in finitely many nonunitary prime ideals of R (whose height is one
by an argument similar to the one of Corollary , so R is Krull if and
only if condition (2) holds (by assumption and by Corollary the centers
on R of the DVRs Z(y) o, .5, ; are of height one).

(2) < (3) Since for each p € A, we only have finitely many unitary DVR
overrings of R extending Z,) (namely, Z,) b0 fOT J =1, mp) and
their centers on R are of height one by Corollary-, it follows that (2) is
equivalent to (3).

Qp,j,0p,57



40 G. W. CHANG AND G. PERUGINELLI

(3) & (4) Let Py be the set of primes in A for which there exists j €
{1,...,mp} such that é,; = 0. If p € Py, then m, = 1 by Remark
and the assumption that the above representation of R is irredundant, and
Mp).ap1 6,1 N Zp)[X] = (p) by Proposition m Hence, for each nonzero
g € Z[X], Dy g NPy is a finite set. By the same aforementioned Proposition,
if p € A\ Py, we have M(p)ap,].’(gp,]. N Z(p)[X] = M(p),ap,j,oo N Z(p) [X], so
Dy g\ Po = Py c(g)- Therefore, Dy g is finite if and only if Py o(p) is finite.
Since each «y ; is transcendental over Q by assumption, [27, Lemma 2.12]
shows that C'(E) is polynomially factorizable if and only if for every g €
Z[X], Py o(p) is finite. Hence, (3) and (4) are equivalent. O

Let A and R be as in Theorem It is helpful to note that A = ( if
and only if R = Q[X], and, if A is finite, then R is always a Krull domain.
The next theorem is the global version of Theorem and describes the
class of polynomial Krull Domains. By a result of Heinzer, this is precisely
the class of integrally closed Noetherian domains between Z[X| and Q[X]
(see [18]).

Theorem 4.35. Let R be a polynomial Krull domain. Then
mp
(4.36) R=()()Zwap,s,, " QX] = Intg(E,0)
peEA j=1

for some subset A C P, where (oy,5,0,5) € O x (Qxo U {oo}) with oy

transcendental over Q if 0p; = 0o for eachp € A and j =1,...,my; £ =
mp _

II Ep with E, = |J By(aypj,0p); and C(E) = [[{op1,....apm, | Vj =
pEA j=1 peEA
1,...,mp,0p; > 0} is polynomially factorizable.

Moreover, if W(Mp) o, ,5,;, V1) =1 for allp € A and j = 1,...,m,,
then

CUR) = D@/ dyz & ),
pEA

where ey ; = €(Zp),a,,.6,,; L)) forj =1,...,mp and dy, = ged(ep,1,- - -, €pm,)
for all p € A.

Proof. As we remarked in (4.1]), we have

R= ([ Wps) NQLX],

peA j=1

for some subset A C P where W), ; is a DVR of Q(X) lying over Z, for each
j=1,...,m,and p e P.

By Theorem for each p € A, there exist (a5, 0p,j) € @Erx (Q>oU{o0})
such that Wy ; = Z).a, .6, for each j =1,...,m,. In particular, R has
the stated form.
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Finally, C(E) = [[{ap1,..- apm, | Vi =1,...,myp,0,; > 0} is polyno-

pEA
mially factorizable by Theorem [4.34 and CI(R) = @ (Z/d,Z & Z™~1) by
peEA
the proof of [10, Theorem 2.4(4)]. O

In the next corollary, we completely describe UFDs between Z[X] and
Q[X].

Corollary 4.37. Let R be a UFD between Z|X| and Q[X]. Then there exist
a subset A C P and pairs (o, 6,) € @br X (Z>o U {o0}) such that

(4.38) R=()Zg)a,s NQX] = () Intg(By(ap, 5,), Op)

pEA pEA

where, for each p € A, oy, is unramified over Q, and is transcendental over Q
if 0, = 0o and the set C(E) = H {ayp | 0, > 0} is polynomially factorizable.
pEA
Proof. 1t is well-known that a UFD is a Krull domain with trivial class
group (see for example [I3] Proposition 6.1]). By Theorem R is as in
(4.36)) (and so, in particular, it is a Noetherian domain by [18]). By the
characterization of the class group of R in the aforementioned Theorem and
also Theorem R is as in the statement of the corollary. Note that the

second equality of (4.38)) follows from Remark O
Corollary 4.39. Let A C P be a subset and (o, j,0p,), (5,9, ;) € Opr x
(Qx0 U {oo}) with 6p; < 5”, and oy, ; transcendental over Q if 6, ; = oo,
for eachpe A and j=1,...,mp. Let
mp
R=) ﬂ Zip)ap6p; NQIX] and R = () ) Zip) 95,5, , N QIX].
peA j=1 peA j=1

Let A={p e A|0=0,; <d,; for some j=1,...,mp} and assume that
A is a finite set. Then the following statements hold.
(1) R is a Krull domain if and only if R’ is a Krull domain.
(2) Let R be a Krull domain. Then CUR') is a factor group of CI(R).
Moreover, if &, ; < oo for all 6, ; with 6, < oo, then CAR') =
CI(R).
(3) If R is a UFD, then R’ is also a UFD.

Proof. (1) For each g € Z[X], let
Dgp(R) = {peA|3je{l,...,mp} such that g € Z[X]N M), ,s,,}
Dye(R) = {peA|3je{l,...,my} such that g € Z[X] N My, s }-

2%}

Then, by Theorem it suffices to show that Dy g(R) is finite if and only
if Dy g(R') is finite.

It is clear that Z[X|N M), 5, ©

and j = 1,...,mp. Hence, Dy g(R) C

ZIX]N M) ap;.0, for each p € A
Dy g(R'). Moreover, if §,; # 0
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for j = 1,...,my, then Z[X] N My, .5, = Z[X] N M(p),ap,j,ég,,j by
Proposition m Hence, Dy p(R') \ Dg.g(R) € A, and since A is finite,
Dy g(R')\ Dy g(R) is finite. Thus Dy g(R) is finite if and only if Dy g(R') is
also finite.

(2) Let the notation be as in Theorems and We may assume that
the representation of R above is irredundant. Hence, by Proposition [3.16]
the representation of R’ above is also irredundant. Note that (« j,d, ;) is a
minimal pair if 6, ; € Q, so if (51’24 < 00, then (o j, 51/)73-) is a minimal pair be-
cause By(ay, j, &,i) C By(ap,j,0p,5). Hence CIR') = @ (Z/d)Z& L™ ") for

peEA
some positive integer d), with d},|d,, for each p € A by Theorem Hence,
Z)d,Z = (Z)dyZ)/(d)Z]dyZ), so if we let H = @ (d)Z/dpZ & {0}~ 1),
pEA
then H is a subgroup of Cl(D) and Cl(R)/H = CI(R’). In particular, if
&, ; < oo for all 6 ; with 6, ; < oo, then d, = dj, by Theorem again.
Thus CI(R) = CI(R').

(3) This follows by (2) above because a UFD is a Krull domain with trivial

class group. O

Example 4.40. Let R = [ Z,)00 N Q[X]. Then R = Z[X], and hence
peP
R is a Krull domain (in fact, a UFD). However, if R' = () Z) o, N Q[X],
peP

then R is not a Krull domain because X € XZ,) o, = pZy) 0, for all p € P.
Therefore the condition of A being finite is necessary for Corollary

4.3.4. Construction of Krull domains with prescribed class group. For con-
venience, we say that a polynomial Krull domain R is a pure Krull domain
if Q is not maximal for all Q € X*(R) with Q NZ # (0). By Proposition
if R is a polynomial Krull domain that is not Dedekind, then R can be
represented as an intersection of a Dedekind domain R; and a pure Krull
domain R, i.e., R = Ry N Ry. The divisor class group of a polynomial Krull
domain is a direct sum of a countable family of finitely generated abelian
groups by Theorem [4.35] Conversely, if G is a direct sum of a countable
family of finitely generated abelian groups, then there is a Dedekind domain
between Z[X] and Q[X] with ideal class group G [27, Theorem 3.1].

We next construct a pure Krull domain with prescribed divisor class
group.

Proposition 4.41. Let G be a finitely generated abelian group. Then there
exists a pure Krull domain R between Z|X| and Q[X] such that CI(R) = G.

Proof. Suppose G =7Z/e1Z®---BL/e,ZHZ™ for some integers ey, ..., e, €
N and m > 0. Let pq,...,p, € P be distinct.

We pick m + 1 distinct elements oy, 1,. .., Qp, m+1 in Z,, which are tran-
scendental over Q. Let N = max{vp, (ap, i—ap, ;) |t #j € {1,...,m+1}}.
Let Wp,j = Zp,),ap, ;,N+1/en> fOr j € {1,...,m+1}. Note that the W, ;’s
are distinct (because vy, (ap, i — ap,.j) < N + 1/e, for each i # j) and
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(ap,.j, N +1/ey,) is a minimal pair for each j € {1,...,m + 1}. Then by
Theorem (4) and Proposition we have

g = € Wpj | Lp,)) = e(N +1/en | Qp) = en.
By the same argument, we can also choose «y, in Zj,, which is transcendental
over Q, so that (oy,,1/e;) is minimal pair for ¢ = 1,...,n — 1. Let W), =

n—1 m—+1
Zp)ap 1/e; fori=1,...,n—1sothat,if weset R = (] Wp,)N( N Wp, ;N
‘ i=1 j=1

Q[X]), we have that R is a Krull domain such that CI(R) = G by Theorem
4.35| and @ is not maximal for all Q € X' (R) with QNZ # (0) by Theorem
110(3). O

Theorem 4.42. Let G be a direct sum of a countable family {G; | i € I} of
finitely generated abelian groups (which are not necessarily distinct). Then
there exists a pure Krull domain R between Z[X| and Q[X] with CI(R) = G.
Moreover, for each i € I, there is a multiplicative subset S; of Z such that
Rs, is a pure Krull domain with Cl(Rg,) = Gi.

Proof. For each i € I, let G; = Z/eqZ & --- & Z/ein,Z & 2™ for some
€il,---,€in; > 1, n; > 1 and m; > 0. Without loss of generality, we may
suppose that we have a partition of P into a family of finite subsets which
is indexed by I, namely, {P;};cs is a partition of P with |P;| = n; for each
1 € I. By Proposition there exists a pure Krull domain R;, Z[X] C
R; C Q[X], such that Cl(R;) = G;.

Now set R = () R;. Note that if S; = Z\ |J pZ for each i € I, then

el pEP;
Rs, = R; by Lemmal[4.3] thus Rg, is a pure Krull domain with Cl(Rs,) = G;.
However, it may be the case that R is not a Krull domain, that is, it has
not the finite character property.

Let ¢ € I be such that G; is not trivial, and let p be a fixed prime in
the finite set ;. Suppose that for the construction of R; we chose in Z,
kp, > 1 distinct elements, say for example £, = {ap1,...,0p4,}; let also
dp,; be the radius of the ultrametric ball of center «,, ;, for 7 = 1,... k).
We then replace the elements in F), by possibly other £, distinct «;’s in Z,
which lie in the same residue class |log(p)| + pZy, such that these a,’s are
transcendental over Q. We also modify the corresponding d,, ;’s accordingly
so that the previous facts about the corresponding ring R; still hold. If G;
is trivial, then we simply choose an element «), € Z,. We claim that the set

C(E) = H{O‘p,l? o Op, € Ly | Gy > 0}
peP
is polynomially factorizable, so by Theorems and [4.103), R is a pure
Krull domain. Let g € Z[X] and let a = () € C(E). Then we have

9(ap) = g([log(p)])  (mod p)

Since for p sufficiently large, g(|log(p)]) is not divisible by p we get that
]P)g,C(E) is finite. |
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