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Abstract. In this paper, we completely describe the family of inte-
grally closed Noetherian domains between Z[X] and Q[X]. We accom-
plish this result by classifying the Krull domains between these two
polynomial rings. To this end, we first describe the DVRs of Q(X) ly-
ing over Z(p) for some prime p ∈ Z, by distinguishing them according to
whether the extension of the residue fields is algebraic or transcendental.
We unify the known descriptions of such valuations by considering ul-
trametric balls in Cp, the completion of the algebraic closure of the field
Qp of p-adic numbers. We then study when the intersection R of such
DVRs with Q[X] is of finite character, so that R is a Krull domain, and
we finally compute the divisor class group of R. It turns out that such a
ring is formed by those polynomials which simultaneously map a finite
union of ultrametric balls of Cp to its valuation domain Op, as p ∈ Z
ranges through the set of primes. By a result of Heinzer, the Krull do-
mains of this class are precisely the integrally closed Noetherian domains
between Z[X] and Q[X]. This novel approach provides a geometric un-
derstanding of this class of integrally closed domains. Furthermore, we
also describe the UFDs between Z[X] and Q[X].
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Introduction

Let X be a topological space, C be the field of complex numbers and
C(X,C) be the ring of continuous complex-valued functions on X. Then
C(X,C) is a commutative ring with identity. It is known that C(X,C) is an
integral domain if and only if X is irreducible, i.e., X cannot be expressed
as a finite union of proper closed subsets. It is also known that C(X,C) is
Noetherian if and only if X is a finite set, and in this case, if X is Hausdorff,
then C(X,C) ∼= C|X| which is a zero-dimensional Noetherian ring. The
class of Noetherian domains is of the utmost importance in all areas of
mathematics and especially in commutative algebra and algebraic geometry.

Let Q be the algebraic closure of Q and X be an indeterminate over C,
then we have the following diagram of subrings of C(C,C):

Q[X]

##
Z[X] // Q[X]

;;

##

C[X] // C(C,C)

R[X]

;;

Although C(C,C) is neither an integral domain nor a Noetherian ring,
C(C,C) contains the Noetherian integral domain C[X]. Hence, we can ask
whether we can classify the Noetherian subrings of C(C,C). However, it
seems to be a very difficult task, so in this paper, as the first step in a long
journey towards that end, we will classify all integrally closed Noetherian
subrings of Q[X] containing Z[X]. For this purpose, we describe the Krull
domains between these polynomial rings. We now recall the definition of
this class of integral domains.

An integral domain is said to be a discrete valuation ring (DVR) if it is
a principal ideal domain with exactly one nonzero prime ideal; equivalently,
it is a Noetherian valuation domain that is not a field. Let D be an integral
domain with quotient field K and X1(D) be the set of height one prime
ideals of D. Then D is a Krull domain if the following three conditions are
satisfied:
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(a) D =
⋂︁

P∈X1(D)

DP ,

(b) DP is a DVR for all P ∈ X1(D), and
(c) each nonzero nonunit of D is a unit of DP for all but a finite number

of P ∈ X1(D).

The class of Krull domains includes Dedekind domains, unique factorization
domains (UFDs), the integral closure of a Noetherian domain, and poly-
nomial/power series rings over a Krull domain (see, for example, [13] and
[14]). In particular, if D is a field, then X1(D) = ∅, so it satisfies the three
conditions of a Krull domain. Thus, a field is a Krull domain.

Let Z be the ring of integers, Q be the field of rational numbers, and X
be an indeterminate over Q. Following [10], we say that a subring of Q[X]
containing Z[X] is a polynomial overring of Z. In [27], Peruginelli called a
polynomial overring of Z a polynomial Dedekind domain if it is a Dedekind
domain. He then characterized a polynomial Dedekind domain with the
property that its residue fields of prime characteristic are finite fields, and its
Picard group. Later, in [28], Peruginelli completely classified the polynomial
Dedekind domains R by removing the condition on the cardinality of the
residue fields; in particular, he showed that R is equal to a ring of integer-
valued polynomials over an algebra. In this paper, we say that a polynomial
overring of Z is a polynomial Krull domain if it is also a Krull domain and
we are going to completely characterize the polynomial Krull domains which
allows us to give a complete characterization of integrally closed Noetherian
domains that are subring Q[X] containing Z[X].

It is known that D is a Krull domain if and only if there exists a family
F of distinct DVRs with quotient field K such that (i) D =

⋂︁
V ∈F

V and (ii)

every nonzero element of D is a unit in all but a finite number of rings in
F [23, Proposition 3], and in this case, F is called a defining family for the
Krull domain D.

Let E be the ring of entire functions. Then E =
⋂︁

Q∈X1(E)

EQ, EQ is a

DVR for all Q ∈ X1(E), but the intersection E =
⋂︁

Q∈X1(E)

EQ is not of

finite character, i.e., E does not satisfy the condition (c) of Krull domains,
so E is not a Krull domain. Hence, in order to characterize the polynomial
Krull domains, we first classify the DVRs of Q(X), then we have to prove
when a family of such DVRs has the finite character property (i.e., property
(c) above).

LetW be a DVR of Q(X) with maximal idealM . Then eitherW ∩Q = Q
or W ∩ Q = Z(p) for some prime number p ∈ Z. It is well known that
W ∩Q = (0) if and only if W = Q[X]fQ[X] for some irreducible f ∈ Q[X] or

W = Q[ 1X ]( 1
X
) (see for example [11]). In this paper, we are mostly interested

in the case W ∩ Q = Z(p). In [28], the second-named author of this paper
completely classified the DVRs (W,M) such that W/M is algebraic over
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Z/pZ. In this paper, we will recall the classification of the DVRs (W,M)
such that W is a residually transcendental extension of Z(p), i.e., W/M
is transcendental over Z/pZ, along the line of the work of Alexandru and
Popescu ([1]). This paper consists of five sections including the introduction.
In Sections 1. and 1.2, we first review the notion of the ideal factorization
property of Krull domains, the divisor class group of Krull domains and rings
of integer-valued polynomials, which allow us to have a nice representation
for these class of polynomial Krull domains. In Section 1.3, we recall the
notion of monomial valuation, which is a standard way to extend a valuation
domain V with quotient field K to the field of rational functions K(X)
and we use it in order to describe the set Wrt of residually transcendental
extensions of V to K(X). In Section 1.3.2 we show how it is possible to
parametrize the elements of Wrt by means of ultrametric balls in K with
respect to a fixed extension U of V . It is well-known that a residually
transcendental extension W of V to K(X) is a torsion extension of V , i.e.,
the value group of W is torsion over that of V . We study in Section 2 the
ordering of torsion extensions W1,W2 of V to K(X), that is we say that
W1 ≤ W2 if W1 ∩ K[X] ⊆ W2 ∩ K[X]. If this happens, in particular we
have W1 ∩W2 ∩ K[X] = W1 ∩ K[X]. In Section 2.2 we study residually

transcendental extension of the completion ˆ︁V of V and show that Wrt is in

bijection with the residually transcendental extensions of ˆ︁V to ˆ︁K(X).
In Section 3, we use the results of Section 2 to parametrize the residually

transcendental extensions of Z(p) to Q(X) for some prime number p ∈ Z in

terms of ultrametric balls in the algebraic closure Qp of the p-adic field Qp.
We then unify the descriptions of DVRs of Q(X) which are either residually
transcendental or residually algebraic over Z(p) by means of ultrametric balls

with possibly infinite radius in Cp, the completion of Qp. We show that there
is a partial order on this set of DVRs which mirrors the containment between
this ultrametric balls, modulo the action of the Galois group Gal(Qp/Qp)
(Theorem 3.19). Finally, in Section 4, we study first the class of Krull
domains between Z(p)[X] and Q[X] for a fixed prime p ∈ Z (§4.2), and
as a special case we characterize the UFDs between these two polynomial
rings (§4.2.3). We completely describe the prime spectrum of such a ring,
characterizing when a prime ideal is maximal in geometrical terms. We then
globalize these results in Section 4.3. Namely, we consider a nonempty set
Λ of integer primes, and, for each p ∈ Λ, a finite set of DVRs Wp,j of Q(X)

with X ∈ Wp,j and Wp,j ∩ Q = Z(p), and R =
⋂︁
p∈Λ

(
mp⋂︁
j=1

(Wp,j ∩ Q[X])). We

study which one of Wp,j ’s is superflous and when R is of finite character, so
that R is a Krull domain (Theorem 4.34). We also compute the divisor class
group Cl(R) of the Krull domain R, showing that Cl(R) is a direct sum of
a countable family of finitely generated abelian groups and, conversely, we
show that for any such a group G there exists a Krull non-Dedekind domain
between Z[X] and Q[X] with divisor class group isomorphic to G (§4.3.4).
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Furthermore, we also characterize UFDs contained between Z[X] and Q[X]
(Corollary 4.37).

1. Preliminaries

1.1. Algebraic properties of Krull domains. Let D be an integral do-
main with quotient field K and F (D) be the set of nonzero fractional
ideals I of D, i.e., I is a D-submodule of K such that dI ⊆ D for some
0 ̸= d ∈ D. For each I, J ∈ F (D), let (I :K J) = {x ∈ K | xJ ⊆ I},
then (I :K J) ∈ F (D). In particular, I−1 = (D :K I) and Iv = (I−1)−1, so
(I−1)v = (Iv)

−1 = I−1. An I ∈ F (D) is said to be invertible if II−1 = D. It
is known that I is invertible if and only if I is finitely generated and IDM

is principal for all maximal ideals M of D, and that if I is invertible, then
(II−1)v = D and Iv = I.

1.1.1. Ideal factorization property of Krull domains. A Dedekind domain D
is an integral domain in which each nonzero ideal can be written as a fi-
nite product of prime ideals. Then D is a Dedekind domain if and only if
D is an integrally closed one-dimensional Noetherian domain, if and only
if each nonzero ideal of D is invertible. It is known that D is a Dedekind
domain if and only if D is a Krull domain of (Krull) dimension at most one.
Furthermore, the integral closure of a Noetherian domain is a Krull domain
[23, Theorem 2], so an overring of 2-dimensional Noetherian domain is a
Krull domain if and only if it is an integrally closed Noetherian domain [18,
Theorem 9]. Hence, a Krull domain can be considered as a higher dimen-
sional generalization of Dedekind domains, so it is natural to ask whether a
Krull domain can be characterized by an ideal factorization property as in
Dedekind domains.

For I ∈ F (D), let It =
⋃︁
{Jv | J ∈ F (D), J ⊆ I and J is finitely

generated}. Then It ∈ F (D) and the map t : F (D) → F (D), given by
I ↦→ It, is well defined. The t-operation also has the following four properties
for all I, J ∈ F (D) and 0 ̸= a ∈ K: (i) Dt = D, (ii) (aI)t = aIt, (iii) I ⊆ It
and if I ⊆ J , then It ⊆ Jt and (iv) (It)t = I. An I ∈ F (D) is said to be t-
invertible if (II−1)t = D. We then use the t-operation to characterize Krull
domains as follows: D is a Krull domain if and only if, given a nonzero ideal I
of D, It = (P e1

1 · · ·P en
n )t for some P1, . . . , Pn ∈ X1(D) and positive integers

e1, . . . , en, if and only if, given a nonzero element a of D, aD = (P e1
1 · · ·P en

n )t
for some P1, . . . , Pn ∈ X1(D) and positive integers e1, . . . , en, if and only if
every nonzero (prime) ideal of D is t-invertible, if and only if every nonzero
prime ideal of D contains a t-invertible prime ideal; in this case, Iv = It for
all I ∈ F (D) (see, for example, [21]).

1.1.2. Divisor class group of a Krull domain. Let D(D) = {Iv | I ∈ F (D)}.
Then D(D) is a commutative semigroup under I ∗ J = (IJ)v, and D(D) is
a group, i.e., (II−1)v = D for all I ∈ D(D), if and only if D is completely
integrally closed. Next, let Inv(D) be the group of invertible factional ideals



6 G. W. CHANG AND G. PERUGINELLI

of D and Prin(D) = {xD | x ∈ K,x ̸= 0}. Then Inv(D) is a subgroup of
D(D) and Prin(D) is a subgroup of Inv(D), so Prin(D) ⊆ Inv(D) ⊆ D(D).
The divisor class group of a completely integrally closed domain D is defined
by the factor group Cl(D) = D(D)/Prin(D) of D(D) modulo Prin(D) and
the ideal class group or Picard group of an integral domain D is defined by
the factor group Inv(D)/Prin(D) of Inv(D) modulo Prin(D). Hence, if D is
completely integrally closed, then Pic(D) is a subgroup of Cl(D).

It is known that x ∈ K is almost integral over D if and only if xI ⊆ I for
some nonzero ideal I of D, so a valuation domain V is completely integrally
closed if and only if the (Krull) dimension of V is at most one; in particular,
a DVR is completely integrally closed. A Krull domain D is definited by
an intersection of DVRs, so D is completely integrally closed and its divisor
class group is also well defined.

A π-domain D is a Krull domain with Pic(D) = Cl(D); equivalently,
every nonzero principal ideal of D can be written as a finite product of prime
ideals [21, IV. π-domains]. Hence, a Dedekind domain D is a π-domain and
Pic(D) = Cl(D). A UFD is a Krull domain, and Krull domain D is a UFD
if and only if Cl(D) = {0}. A Krull domain D is called an almost factorial
domain if Cl(D) is torsion; equivalently, given a, b ∈ D, there is a positive
integer n, which depends on a, b, so that anD∩ bnD is principal. Therefore,
the divisor class group of a Krull domain D measures how far D is from a
UFD and reflects the ideal factorization property of a Krull domain.

1.2. Rings of integer-valued polynomials. Let D be an integral domain
with quotient field K, X be an indeterminate over D, D[X] be the polyno-
mial ring over D, and A be a torsion-free D-algebra. By embedding A and
K in the extended K-algebra B = A⊗D K, we may evaluate a polynomial
f ∈ K[X] at an element a ∈ A, so that f(a) ∈ B. If f(a) ∈ A, we say that
f(X) is integer-valued at a. Given a subset S of A, we define the ring of
integer-valued polynomials on S as

IntK(S,A) = {f ∈ K[X] | f(s) ∈ A, ∀s ∈ S}
Clearly,D[X] ⊆ IntK(S,A) ⊆ K[X]. If S = A, we set IntK(A) = IntK(A,A),
and if A = D, then we omit the subscript K, i.e., Int(S,D) = IntK(S,D)
and Int(D) = IntK(D,D).

Given a valuation domain V with quotient field K, the polynomial closure
of a subset S of K is defined as the largest subset S of K for which

Int(S, V ) = Int(S, V ).

A subset S of K is polynomially closed if S = S. If V has rank one, Chabert
proves in [9] that the polynomially closed subsets of K form a topology of
closed subsets of K. For valuation domains of higher rank, the result is no
more true [30].

It is well known that Int(Z) is a non-Noetherian two-dimensional Prüfer
domain [8, Remarks VI.1.8] and Pic(Int(Z)) is a free abelian group on a
countably infinite basis [16, Corollary 7]. Let P be the set of prime numbers
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of Z. For p ∈ P, let Zp be the ring of p-adic integers, Tp = {α ∈ Zp | α is
transcendental over Q}, Z(p),α = {φ ∈ Q(X) | φ(α) ∈ Zp}, and M(p),α =
{φ ∈ Q(X) | φ(α) ∈ pZp} for α ∈ Tp. Then Z(p),α is a DVR of Q(X) with
maximal ideal M(p),α,

Int(Z) =
⋂︂
p∈P

(
⋂︂

α∈Tp

(Z(p),α ∩Q[X])),

ht(M(p),α ∩ Int(Z)) = 1, and Z(p),α/M(p),α = Z/pZ. It is worthwhile to note

that if R = Int(Z), then R =
⋂︁

P∈X1(R)

RP , RP is a DVR for all P ∈ X1(R),

but R is not a Krull domain.

1.3. Residually transcendental extensions. Let V be a valuation do-
main with quotient field K, X be an indeterminate over K, and K(X) be
the field of rational function, i.e., the quotient field of K[X]. We denote
by v a valuation on K with associated valuation domain V and by Γv the
value group of v. We also denote by Γv the divisible hull of Γv, namely,
Γv = Γv ⊗Z Q.

In this section we recall some known facts about residually transcendental
extensions of V to K(X), that is, valuation domains W of the field K(X)
lying above V (i.e., W ∩ K = V ) such that the extension of residue fields
is transcendental. We denote by Wrt the set of residually transcendental
extensions of V to K(X). In contrast, we say that an extension W of V to
K(X) is residually algebraic if the extension of the residue fields is algebraic.

1.3.1. Monomial valuations. In this subsection we review the notion of mono-
mial valuations, which is a particular class of extensions of V to K(X), in
order to describe the class of residually transcendental extensions.

Definition 1.1. Let α ∈ K and δ be an element of a value group Γ which
contains Γv. For f ∈ K[X] such that f(X) = a0+a1(X−α)+ . . .+an(X−
α)n, we set:

vα,δ(f) = inf{v(ai) + iδ | i = 0, . . . , n}
The function vα,δ naturally extends to a valuation on K(X) ([7, Chapt. VI,
§. 10, Lemme 1]), and it is called a monomial valuation. We denote by Vα,δ
the valuation domain of K(X) associated to vα,δ. Clearly, Vα,δ lies over V .
Note that V0,0 = V (X), i.e., the case α = 0 and δ = 0 corresponds to the

trivial Gaussian extension. Note also that Vα,δ ∩ K[X] = V [X−α
c ], where

c ∈ K has value δ (see for example [26, Remark 3.4]).

Let K be the algebraic closure of K, u be an extension of v to K, and
U be the valuation domain of u. Given (α, δ) ∈ K × Γv, we denote by vα,δ
the restriction of uα,δ to K(X); note that this valuation depends on the

chosen extension u of v to K, see [26, Remark 3.9]. If Vα,δ (Uα,δ, resp.)
is the valuation domain associated to vα,δ (uα,δ, resp.) then clearly we

have Vα,δ = Uα,δ ∩ K(X). We also say that (α, δ) ∈ K × Γv is a minimal
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pair of definition of Vα,δ (with respect to K) if for each β ∈ K such that
u(β−α) ≥ δ, we have [K(β) : K] ≥ [K(α) : K]. Equivalently, among the set
of pairs which define the valuation uα,δ, the degree [K(α) : K] is minimal

(see [1, Proposition 3] and [2]). We stress that when α ∈ K, the coefficients
a0, . . . , an of the (X − α)-adic expansion of f ∈ K[X] lie in K and may not
be in K.

Remark 1.2. Suppose that δ > v(a) for every a ∈ K. We denote such δ by
∞. Given α ∈ K, for every f ∈ K[X] with f(X) = a0 + a1(X − α) + . . .+
an(X − α)n where a0, . . . , an ∈ K we have

vα,δ(f) = u(a0) = u(f(α))

so in this case Vα,∞ = Vα = {ϕ ∈ K(X) | ϕ(α) ∈ U}.

Remark 1.3. (1) Let U be a fixed extension of V to K. Given α ∈ K and
an element δ in a totally ordered group containing Γv, it is well-known that
Vα,δ is a residually transcendental extension of V if and only if δ belongs to
Γv (see for example [2] or [26, Lemma 3.5]). In this case, by [2, Theorem
2.1], the value group of Vα,δ has finite index over the value group Γv of V .
In particular, if V is a DVR, then a residually transcendental extension of
V to K(X) is a DVR, also.

(2) Let V be a DVR and U a fixed extension of V to K. Given a (min-
imal) pair (α, δ) ∈ K × Γv, the intersection Vα,δ ∩ K[X] is clearly a Krull
domain which is not Prüfer, since the valuation overring Vα,δ is residually
transcendental over V , see [26, Theorem 3.15].

It is known that if we restrict to the family of Krull domains {Vα,δ∩K[X] |
(α, δ) ∈ K × Γv}, this family has a natural ordering, namely:

(1.4) Vα1,δ1 ∩K[X] ⊆ Vα2,δ2 ∩K[X] ⇔ δ1 ≤ δ2 and v(α1 − α2) ≥ δ1

(see [4, Proposition 1.1]; see also [26, Remark 3.10]), so

(1.5) Vα1,δ1 ∩K[X] = Vα2,δ2 ∩K[X] ⇔ δ1 = δ2 and v(α1 − α2) ≥ δ1

We will see in Lemma 2.1 that the previous conditions are indeed equivalent
to Vα1,δ1 = Vα2,δ2 .

If (α, δ) ∈ K×Γv and we consider the ball B(α, δ) = {x ∈ K | v(x−α) ≥
δ}, then condition (1.4) holds if and only if B(α2, δ2) ⊆ B(α1, δ1). In the
case V = Z(p) for some prime p, we generalize this ordering to the case of
pairs (α, δ) ∈ Cp ×Q in Section 3.2.

The main result of Alexandru, Popescu and Zaharescu is the following
characterization of the residually transcendental extensions of V to K(X)
(see [1, 2, 4]).

Theorem 1.6. Let V be a valuation domain with quotient field K and let
U be a fixed extension of V to K. Let W be a residually transcendental
extension of V to K(X). Then there exists a minimal pair (α, δ) ∈ K × Γv

such that W is the restriction to K(X) of the monomial valuation Uα,δ of

the field K(X).
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Note that the valuation domain Uα,δ of K(X) in Theorem 1.6 is a resid-

ually transcendental extension of U to K(X). The next lemma is a gener-
alization of [26, Lemma 3.13] to valuation domains of arbitrary rank.

Lemma 1.7. Let U be an extension of V to K and let (α, δ) ∈ K × Γv.
Then

V [X] ⊂ Uα,δ ∩K(X) ⇔ u(α) ≥ 0 and δ ≥ 0.

Proof. Note that the containment is equivalent to uα,δ(X) ≥ 0 (and, in
particular, equivalent to U [X] ⊂ Uα,δ). We have uα,δ(X) = min{δ, u(α)} so
that the claim is true. □

1.3.2. Parametrization of residually transcendental extensions. In this sub-
section, we show how to parametrize Wrt by means of ultrametric balls
contained in K with respect to some fixed extension U of V to K.

Let GK be the absolute Galois group Gal(K/K). Note that GK is also
equal to the Galois group of K(X)/K(X). Given an extension U of V to K,
we denote by D(U) the decomposition group of U , namely: D(U) = {σ ∈
GK | σ(U) = U}.

Lemma 1.8. Let U be a fixed extension of V to K. Let (α, δ) ∈ K × Γv,
with δ = u(c) for some c ∈ K, and σ ∈ GK . Then we have

σ(Uα,δ) = σ(U)σ(α),δ.

In particular, if σ ∈ D(U), then σ(Uα,δ) = Uσ(α),δ.

Proof. Since X−α
c is a unit in Uα,δ and Uα,δ is residually transcendental

over the residue field kU of U , it follows that σ
(︁
X−α

c

)︁
= X−σ(α)

σ(c) is a unit in

σ(Uα,δ) and σ(Uα,δ) is residually transcendental over kσ(U) (note that σ(Uα,δ)

is an extension of σ(U) to K(X)). Recall that the valuation associated
to σ(U) = U ′ is equal to u′ = u ◦ σ−1 ([12, Proposition 3.2.16, (1)]), so
u′(σ(c)) = δ. Then the claim follows by [7, Chapt. VI, §10, Proposition 2].

If σ ∈ D(U), then the last claim follows at once. □

We give next a criterion for when two residually transcendental extensions
of U to K(X) contracts down to the same valuation domain of K(X) (which
is a residually transcendental extension of V to K(X)). This has been done
in a similar way in [24]. In particular, given a residually transcendental
extension Vα,δ of V to K(X), where (α, δ) ∈ K × Γv, we describe the set of

extensions of Vα,δ to K(X) lying above U (see also [3, Theorem 2.2]).

Theorem 1.9. Let U be a fixed extension of V to K and let (α, δ), (α′, δ′) ∈
K × Γv. Then the following conditions are equivalent.

(1) Uα,δ ∩K(X) = Uα′,δ′ ∩K(X).
(2) σ(Uα,δ) = Uα′,δ′ for some σ ∈ D(U).
(3) δ = δ′ and u(σ(α)− α′) ≥ δ, for some σ ∈ D(U).
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In particular, the set of extensions of a residually transcendental extension
W = Uα,δ ∩K(X) to K(X) lying above U is equal to {Uσ(α),δ | σ ∈ D(U)}.

Proof. (1) ⇒ (2) By [12, Conjugation Theorem 3.2.15], there exists σ ∈ GK

such that σ(Uα,δ) = Uα′,δ′ . We claim that σ ∈ D(U). In fact, let x ∈ U ⊂
Uα,δ. Then σ(x) ∈ σ(Uα,δ) ∩K = Uα′,δ′ ∩K = U . Thus, (2) holds.

(2) ⇒ (3) By Lemma 1.8, Uσ(α),δ = σ(Uα,δ) = Uα′,δ′ . By [4, Proposition
1.1], δ′ = δ and u(σ(α)− α′) ≥ δ, which is condition (3).

(3)⇒ (1) The inequality u(σ(α)−α′) ≥ δ is equivalent to α′ ∈ Bu(σ(α), δ) =
{x ∈ K | u(σ(α) − x) ≥ δ}, so that (α′, δ) is another pair of definition for
Uσ(α),δ by [1, Proposition 3] and thus Uα′,δ = Uσ(α),δ. By Lemma 1.8, we
also have Uσ(α),δ = σ(Uα,δ), so Uα,δ and Uα′,δ contracts down to K(X) to
the same valuation domain. Thus, (1) holds.

The last claim follows immediately from the previous part and Lemma
1.8. □

For the next theorem, we fix the following notation: given an extension
U of V to K, let Bu be the set of ultrametric balls Bu(α, δ) = {x ∈ K |
u(x − α) ≥ δ} in K with respect to U , where (α, δ) ∈ K × Γv. It is
worthwhile to note that condition (3) of Theorem 1.9 is equivalent to the
following: σ(Bu(α, δ)) = Bu(σ(α), δ) = Bu(α

′, δ) for some σ ∈ D(U).
By Lemma 1.8, D(U) acts on Bu, since for σ ∈ D(U) we have σ(Bu(α, δ)) =

Bu(σ(α), δ). In particular, D(U) does not change the radius of an ultramet-
ric ball. We denote by Bu/D(U) the set of equivalence classes of Bu under
the action of the decomposition group D(U). By Lemma 1.8, an element of
Bu/D(U) is equal to [Bu(α, δ)] = {Bu(σ(α), δ) | σ ∈ D(U)}; in particular,
note that such an equivalence class is formed by finitely many closed balls
(i.e., at most as many as the number of conjugates of α over K).

Theorem 1.10. Let U be a fixed extension of V to K. Then the map
Θ : Bu/D(U) → Wrt given by [Bu(α, δ)] ↦→ Uα,δ ∩K(X) is bijective.

Proof. In order to show that the map Θ is well-defined, we observe first
that given (α, δ) ∈ K × Γv, we have Uα,δ ∩ K(X) ∈ Wrt by Remark 1.3.
Moreover, if σ(Bu(α, δ)) = Bu(σ(α), δ) ∈ [Bu(α, δ)] for some σ ∈ D(U),
then Uα,δ ∩K(X) = Uσ(α),δ ∩K(X) by Theorem 1.9.

The surjectivity of Θ follows by Theorem 1.6. Finally, the injectiv-
ity follows again by Theorem 1.9. In fact, suppose that Θ([Bu(α, δ)]) =
Θ([Bu(α

′, δ′)]), that is, Uα,δ ∩ K(X) = Uα′,δ′ ∩ K(X). Then, by Theorem
1.9, δ = δ′ and u(σ(α) − α′) ≥ δ, so that Bu(α

′, δ′) = Bu(σ(α), δ). Hence,
[Bu(α, δ)] = [Bu(α

′, δ′)]. □

2. Polynomial ordering of torsion extensions

We say that an extension W of V to K(X) is torsion if Γw ⊆ Γv; we
denote by Wt the set of all torsion extensions of V to K(X). Note that a
residually transcendental extension of V to K(X) is torsion by Remark 1.3,
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so Wrt ⊆ Wt. We stress that not all the residually algebraic extensions of V
to K(X) are torsion. For example, {ϕ ∈ K(X) | ϕ(0) ∈ V } is a residually
algebraic extension of V (its residue field is the same as the residue field of
V ) which is not torsion (its one-dimensional valuation overring is K[X](X);
see Proposition 4.17 and also Remark 3.3).

2.1. A partial order on the set of torsion extensions of V to K(X).
Let W1,W2 be in Wt. In [4, page 282], the following definition is given only
for residually transcendental extensions (which are torsion):

w1 ≤ w2 ⇔ w1(f) ≤ w2(f),∀f ∈ K[X]

where the last inequality is considered in Γv. More generally, we give the
same definition for torsion extensions. We remark that since any f ∈ K[X]

can be written as g(X)
c for some g ∈ V [X] and c ∈ V , c ̸= 0, and the

valuations w1, w2 coincide on K, the previous condition is equivalent to:
w1(g) ≤ w2(g) for each g ∈ V [X]. Note that clearly we have

w1 = w2 ⇔ w1(f) = w2(f), ∀f ∈ K[X] ⇔W1 =W2.

In particular, we also say that w1 < w2 if and only if w1 ≤ w2 and w1 ̸= w2.

Lemma 2.1. Let Wi ∈ Wt and Mi be the maximal ideal of Wi for i = 1, 2.

(1) The following statements are equivalent.
(a) w1 ≤ w2.
(b) W1 ∩K[X] ⊆W2 ∩K[X].
(c) M1 ∩K[X] ⊆M2 ∩K[X].

(2) W1 = W2 if and only if W1 ∩ K[X] = W2 ∩ K[X], if and only if
M1 ∩K[X] =M2 ∩K[X].

(3) (Wt,≤) is a partially ordered set.

Proof. (1) (a) ⇒ (c). Let f ∈ M1 ∩K[X] be nonzero. Then 0 < w1(f) ≤
w2(f), so f ∈M2 ∩K[X]. Thus M1 ∩K[X] ⊆M2 ∩K[X].

(c) ⇒ (b). Let g ∈ W1 ∩ K[X] be nonzero. If g ∈ M1, then g ∈ M2 ∩
K[X] ⊆ W2 ∩ K[X]. Next assume that g ̸∈ M1 and g ̸∈ W2 ∩ K[X].
Since W2 is a torsion extension of V , there are n ∈ N and b ∈ V such
that w2(g

n) = nw2(g) = −v(b) < 0 or w2(g
nb) = 0. Note that w1(g

nb) =
nw1(g)+w1(b) = v(b) > 0, so gnb ∈M1∩K[X] ⊆M2∩K[X] by assumption.
Hence w2(g

nb) > 0, a contradiction, which implies g ∈ W2 ∩ K[X]. Thus
W1 ∩K[X] ⊆W2 ∩K[X].

(b) ⇒ (a). Assume that f ∈ K[X] is nonzero. Then either f ∈ W1 or
1
f ∈W1, and since W1 is torsion over V , there exist a positive integer n ∈ N
and 0 ̸= c ∈ K such that nw1(f) = v(c). Hence, w1(

fn

c ) = 0. In particular,
fn

c ∈W1 ∩K[X] ⊆W2 ∩K[X], so that we also have

0 ≤ w2

(︃
fn

c

)︃
⇔ w2(f) ≥

v(c)

n
= w1(f),

so the inequality holds true.
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(2) It is clear that W1 = W2 implies both of W1 ∩ K[X] = W2 ∩ K[X]
and M1 ∩K[X] = M2 ∩K[X]. Conversely, if W1 ∩K[X] = W2 ∩K[X] or
M1 ∩K[X] = M2 ∩K[X], then w1(f) = w2(f) for every f ∈ K[X] by (1),
which implies that w1 = w2 on K(X). Thus, W1 =W2.

(3) This follows directly from (1) and (2) above. □

Let the notation be as in Lemma 2.1. Then w1 < w2 if and only if
W1 ∩K[X] ⊂W2 ∩K[X], if and only if M1 ∩K[X] ⊂M2 ∩K[X]. The next
corollary gives an alternative characterization of this strict inequality.

Corollary 2.2. LetWi ∈ Wt andMi be the maximal ideal ofWi for i = 1, 2.
Then the following statements are satisfied.

(1) w1 < w2 if and only if M1 ∩K[X] ⊂M2 ∩ (W1 ∩K[X]), and in this
case, M1 ∩K[X] is a prime non-maximal ideal of W1 ∩K[X].

(2) W ∈ Wt is a maximal element of (Wt,≤) if and only if W is resid-
ually algebraic.

Proof. (1) Assume that w1 < w2. Then, by Lemma 2.1, there exists f ∈
(W2 ∩K[X]) \ (W1 ∩K[X]), so w1(f) < 0 ≤ w2(f). Since W1 is a torsion
extension of V , there exist n ∈ N and 0 ̸= a ∈ K such that w1(f

n) = v(a).
Then, we have

0 = w1

(︃
fn

a

)︃
< w2

(︃
fn

a

)︃
,

so fn

a ∈ M2 ∩ (W1 ∩K[X]) but fn

a /∈ M1 ∩K[X]. Conversely, suppose that
M1 ∩K[X] ⊂ M2 ∩ (W1 ∩K[X]). Then M2 ∩ (W1 ∩K[X]) ⊆ M2 ∩K[X]
implies M1 ∩K[X] ⊂M2 ∩K[X]. Thus w1 < w2 by Lemma 2.1.

(2) (⇒) Suppose that W is residually transcendental. By Theorem 1.6,
there exists (α, δ) ∈ K × Γv such that W = Uα,δ ∩ K(X) (where U is a

fixed extension of V to K). If δ′ ∈ Γv is strictly greater than δ, we have
W ∩K[X] ⊊W ′ ∩K[X], where W ′ = Uα,δ′ ∩K(X). In fact, Uα,δ ∩K[X] ⊊
Uα,δ′ ∩K[X] because X−α

c′ is in the latter ring but not in the former (where
c′ ∈ K has value δ′) and by Theorem 1.9, Uα,δ ∩K[X] ⊊ Uα,δ′ ∩K[X].

(⇐) Suppose that W ∈ Wt is residually algebraic. We have the following
containments, where M is the maximal ideal of W :

V

M ∩K
⊆ W ∩K[X]

M ∩K[X]
⊆ W

M
.

It follows that (W ∩ K[X])/(M ∩ K[X]) is a field and thus M ∩ K[X] is
a maximal ideal of W ∩ K[X]. By the first part of the Corollary, W is a
maximal element of (Wt,≤). □

It is worthwhile to note that if K is algebraically closed and maximally
complete (i.e., it does not admit any proper immediate extension), then
it is straightforward to see that there are no residually algebraic torsion
extensions of V to K(X). Hence, in this case, Wt has no maximal element
by Corollary 2.2.
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2.2. Residually transcendental extensions over the completion. Letˆ︁V (resp. ˆ︁K) denote the v-adic completion of V (resp. K), ˜︂Wt be the set

of all torsion extensions of ˆ︁V to ˆ︁K(X), and ˜︂Wrt be the set of all residually

transcendental extensions of ˆ︁V to ˆ︁K(X). In this subsection, we show that

the map from ˜︂Wrt into Wrt given by W ↦→W ∩K(X) is bijective.

Lemma 2.3. Let ˜︂W be an extension of ˆ︁V to ˆ︁K(X) such that w̃(X) > v(a),

for some a ∈ K. If W = ˜︂W ∩K(X), then we have˜︂W ∩ ˆ︁K[X]˜︂M ∩ ˆ︁K[X]
=
W ∩K[X]

M ∩K[X]
,

where ˜︂M,M are the maximal ideals of ˜︂W,W , respectively.

Proof. Clearly, we have the containment (⊇). For the other containment, we

need to show that for every f ∈ ˜︂W ∩ ˆ︁K[X] there exists g ∈W ∩K[X] such

that w̃(f − g) > 0. Suppose that f(X) =
d∑︁

i=0
αiX

i. We choose g ∈ K[X],

g(X) =
d∑︁

i≥0
aiX

i, such that v(αi − ai) + iv(a) > 0, for each i = 0, . . . , d. In

particular,

(2.4) w̃(f − g) ≥ min{v(αi − ai) + iw̃(X)} > min{v(αi − ai) + iv(a)} > 0

so that f − g ∈ ˜︂M . Note that g ∈W , so we get the claim. □

Let ˆ︁V∞ = {ψ ∈ ˆ︁K(X) | ψ(∞) ∈ ˆ︁V }, where ψ(∞) is defined as φ(0)

with φ(X) = ψ(1/X) (see [25]). Then the assumption on ˜︂W of Lemma

2.3 is equivalent to say ˜︂W ̸= ˆ︁V∞. Note that every W ∈ Wt satisfies the
assumption of Lemma 2.3.

Lemma 2.5. Let ˜︁R be an integral domain such that ˆ︁V [X/a] ⊆ ˜︁R ⊆ ˆ︁K[X]

for some nonzero a ∈ K and let R = ˜︁R ∩ K[X]. Let ˜︂W be a valuation

domain of ˆ︁K(X) extending ˆ︁V and let W = ˜︂W ∩K(X). Then R ⊂W if and

only if ˜︁R ⊂ ˜︂W .

Proof. The implication (⇐) is clear. Conversely, suppose that R ⊂ W and

let f ∈ ˜︁R. In particular, f ∈ ˆ︁K[X] = ˆ︁K[X/a], so f(X) =
d∑︁

i=0
αi(X/a)

i, for

some αi ∈ ˆ︁K. Let g(X) =
d∑︁

i=0
ai(X/a)

i ∈ K[X] be such that v(αi − ai) ≥ 0

for each i = 0, . . . , d. Then h := f − g ∈ ˆ︁V [X/a] ⊆ ˜︁R so that g = f − h ∈˜︁R ∩ K[X] = R. By assumption, g ∈ W and note that h ∈ ˜︂W , because

V [X/a] ⊂ W implies that ˆ︁V [X/a] ⊂ ˜︂W . Hence, f = h + g ∈ ˜︂W , as
claimed. □

The following corollary follows at once.
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Corollary 2.6. Let ˜︂Wi be an extension of ˆ︁V to ˆ︁K(X) such that w̃i(X) >

v(a) for some a ∈ K, for i = 1, 2. Let Wi = ˜︂Wi ∩K(X), for i = 1, 2. Then
we have

(2.7) W1 ∩K[X] ⊆W2 ∩K[X] ⇔ ˜︂W1 ∩ ˆ︁K[X] ⊆ ˜︂W2 ∩ ˆ︁K[X].

Proof. It is sufficient to notice that the assumption of w̃1 implies thatˆ︁V [X/a] ⊆ ˜︂W1 ∩ ˆ︁K[X] and then apply Lemma 2.5. □

Lemma 2.8. Let W be a residually transcendental extension of V to K(X)

and ˆ︂K(X) (resp. ˆ︂W ) be the completion of K(X) (resp. W ) with respect to
W . Then the following statements hold true:

(1) ˆ︁K(X) is a subfield of ˆ︂K(X).

(2) ˆ︂W is immediate over ˆ︂W ∩ ˆ︁K(X).

(3) ˆ︂W ∩ ˆ︁K(X) is a residually transcendental extension of ˆ︁V .

Proof. Since Γw/Γv is torsion, it follows that ˆ︁K is equal to the topological

closure of K in ˆ︂K(X). Hence, we may embed ˆ︁K(X) into ˆ︂K(X).

Let ˜︂W = ˆ︂W∩ ˆ︁K(X). Since V ⊆ ˆ︁V andW ⊆ ˆ︂W are immediate extensions,

it follows that ˆ︂W is immediate over ˜︂W and ˆ︂W is residually transcendental

over ˆ︁V . In particular, since K(X) ⊆ ˆ︁K(X) ⊆ ˆ︂K(X), it follows that also

W ⊆ ˜︂W is an immediate extension and so ˜︂W is also a residually transcen-

dental extension of ˆ︁V . If X were algebraic over ˆ︁K, then ˆ︁K ⊆ ˆ︁K(X) would

be a finite extension and so ˜︂W could not be residually transcendental overˆ︁V . Then X is transcendental over ˆ︁K. □

Lemma 2.9. Let ˜︂W be a residually transcendental extension of ˆ︁V to ˆ︁K(X).

Then ˜︂W ∩K(X) is a residually transcendental extension of V .

Proof. By [1, Proposition 1], there exists f ∈ ˆ︁K[X]∩˜︂W such that its residue

modulo ˜︂M is transcendental over ˆ︁V /ˆ︂M = V/M . By Lemma 2.3, if g ∈ K[X]
is a polynomial of the same degree as f sufficiently v-adically close to f , then

g ∈ ˜︂W∩K(X) and f and g have the same residue modulo ˜︂M so g is residually

transcendental over V/M . Thus, ˜︂W ∩K(X) is a residually transcendental
extension of V . □

Theorem 2.10. If ˜︂W ∈ ˜︂Wt then ˜︂W ∩K(X) ∈ Wt. Moreover, if ˜︂Wi ∈ ˜︂Wt

and Wi = ˜︂Wi ∩K(X) for i = 1, 2, then w1 ≤ w2 if and only if w̃1 ≤ w̃2. In

particular, W1 =W2 if and only if ˜︂W1 = ˜︂W2.

Proof. It is clear that if ˜︂W ∈ ˜︂Wt, then ˜︂W ∩K(X) ∈ Wt, because Γv = Γv̂.
Hence, by Lemma 2.1, the claim w1 ≤ w2 ⇔ w̃1 ≤ w̃2 is equivalent to (2.7),
which holds by Corollary 2.6.

For the final claim, (⇐) is straightforward. Conversely, supposeW1 =W2.

Then W1∩K[X] =W2∩K[X], so by (2.7), ˜︂W1∩ ˆ︁K[X] = ˜︂W2∩ ˆ︁K[X]. Thus,

by Lemma 2.1, ˜︂W1 = ˜︂W2. □
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Corollary 2.11. The map Φ : ˜︂Wrt → Wrt given by ˜︂W ↦→ ˜︂W ∩ K(X) is
bijective.

Proof. Note that if ˜︂W ∈ ˜︂Wrt, then W = ˜︂W ∩ K(X) ∈ Wrt by Lemma
2.9. Hence, Φ is well-defined. Then Φ is surjective by Lemma 2.8 and Φ is
injective by Theorem 2.10. □

Remark 2.12. Let Ψ be the map from ˜︂Wt to Wt which sends ˜︂W to ˜︂W ∩
K(X). Clearly, the restriction of Ψ to ˜︂Wrt is equal to Φ. As in the proof of
Corollary 2.11, Ψ is well-defined and injective by Theorem 2.10. However, Ψ

is not surjective: if α ∈ ˆ︁K is transcendental over K, then Vα = {ϕ ∈ K(X) |
ϕ(α) ∈ ˆ︁V } is a torsion extension of V , while ˆ︁Vα = {ψ ∈ ˆ︁K(X) | ψ(α) ∈ ˆ︁V }
is not, since ˆ︁Vα is contained in the DVR ˆ︁K[X](X−α).

3. Complete list of DVRs of Q(X)

In this section we give a complete description of the family of DVRs with
quotient field Q(X).

Let P be the set of prime numbers in Z, so {pZ | p ∈ P} is the set of
nonzero (principal) prime ideals of the ring Z of integers. Let W ⊂ Q(X)
be a DVR with maximal ideal M . We have one of the following two cases:

• W ∩Q = Q.
• W ∩Q = Z(p), for some p ∈ P.

In the first case we say that W is a non-unitary valuation domain, and in
the second case, that W is a unitary valuation domain. For each p ∈ P, let
Wp be the set of DVRs W of Q(X) such that W ∩Q = Z(p).

It is a classical result (see for example [11, p. 3]) that if W is a non-
unitary valuation domain, then W is equal to one of the following DVRs,
according to whether X ∈W or X ̸∈W :

- W = Q[X](g), for some irreducible g ∈ Q[X].
- W = Q[1/X](1/X).

If W ∈ Wp for some p ∈ P, we distinguish between these two subcases:

(1) W is residually algebraic over Z(p).
(2) W is residually transcendental over Z(p).

Throughout this paper, for each p ∈ P we set:

- Wp,ra = {W ∈ Wp |W is residually algebraic over Z(p)};
- Wp,rt = {W ∈ Wp |W is residually transcendental over Z(p)}.

In particular, Wp = Wp,ra ∪Wp,rt and Wp,ra ∩Wp,rt = ∅. Moreover, let

W =
⋃︂
p∈P

Wp, Wra =
⋃︂
p∈P

Wp,ra, Wrt =
⋃︂
p∈P

Wp,rt,

so W is the set of DVRs of Q(X), Wra is the set of DVRs of Q(X) that are
residually algebraic extensions of Z(p) for some p ∈ P, and Wrt is the set
of DVRs of Q(X) that are residually transcendental extensions of Z(p) for
some p ∈ P.
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3.1. Extensions of Z(p) to Q(X). Let Qp,Zp be the field of p-adic numbers
and the ring of p-adic integers, respectively, which are the completion of
Q,Z(p) with respect to the topology induced by the p-adic valuation. Let

Qp be a fixed algebraic closure of Qp and Zp be the integral closure of Zp

in Qp; since Qp is Henselian, Zp is a one-dimensional non-discrete valuation
domain. We denote by vp the unique extension of the p-adic valuation to

Qp. The ring Zp is the valuation domain of vp (i.e., Zp = {x ∈ Qp | vp(x) ≥
0}). Let Cp be the completion of Qp with respect to the topology induced

by the valuation vp and Op the completion of Zp. It is well-known that
Cp is algebraically closed ([17, Proposition 5.7.8]). Clearly, each element

α ∈ Cp \ Qp is transcendental over Qp, and so, in particular, such an α is

transcendental over Q; on the contrary, an element α ∈ Qp can be either

algebraic or transcendental over Q. We denote by Cbr
p the subset of those

α ∈ Cp such that the ramification index of the extension Qp(α)/Qp is finite.

We say that an element α ∈ Cbr
p is unramified over Qp if the ramification

index of Qp(α)/Qp is 1 (we stress that such an element may not be algebraic

over Qp). Note that Qp ⊂ Cbr
p ⊂ Cp. We also set Obr

p = Op ∩ Cbr
p .

3.1.1. Residually algebraic extensions. The following theorem characterizes
the DVRs of Q(X) which are residually algebraic extensions of Z(p), for some
p ∈ P (see [28, Corollary 2.28]).

Theorem 3.1. Let W be a DVR of Q(X) which is a residually algebraic
extension of Z(p) for some p ∈ P. Then there exists α ∈ Cbr

p , transcendental
over Q, such that

(3.2) W = Z(p),α = {ϕ ∈ Q(X) | ϕ(α) ∈ Op}.

In particular, Wp,ra = {Z(p),α | α ∈ Cbr
p , α transcendental over Q}. Further-

more, α ∈ Qp if and only if the extension of the residue fields W/M ⊇ Z/pZ
is finite.

Remark 3.3. We remark that if α ∈ Qp, we may define in general the
following valuation domain as above:

Z(p),α = {ϕ ∈ Q(X) | ϕ(α) ∈ Zp}

By [25, Proposition 2.2], Z(p),α is a DVR precisely if α is transcendental
over Q, it has rank 2 otherwise. In this last case, if q ∈ Q[X] is the minimal
polynomial of α, we have Z(p),α ⊂ Q[X](q).

3.1.2. Residually transcendental extensions. LetW be a DVR ofQ(X) which
is residually transcendental over Z(p) for some p ∈ P. The next important
theorem gives an alternative characterization of these valuations than The-
orem 1.6, namely, we show that we can parametrize them by means of pairs
of Qp ×Q rather than pairs of Q×Q.
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Theorem 3.4. Let p ∈ P and let W be a residually transcendental extension
of Z(p) to Q(X). Then W is a DVR such that W = Zp,α,δ ∩Q(X) for some

(α, δ) ∈ Qp ×Q.

Proof. We have already said that W is a DVR in Remark 1.3. By Corollary
2.11, W is equal to the restriction to Q(X) of a (unique) residually tran-

scendental extension ˜︂W of Zp to Qp(X). By Theorem 1.6, ˜︂W = Zp,α,δ for

some (α, δ) ∈ Qp ×Q. Hence, W = Zp,α,δ ∩Q(X). □

The advantage of working over the completion of Q with respect to the
p-adic valuation vp is that there exists a unique extension of vp to Qp since
Qp is Henselian. Therefore we don’t have to worry about fixing an extension

of vp to Qp in advance (as in Theorem 1.6).

3.1.3. Unitary DVRs of Q(X). In order to unify the aforementioned two
cases, namely, residually algebraic and transcendental extensions of Z(p) to
Q(X), we consider pairs (α, δ) ∈ Cp × (Q ∪ {∞}). In the following we will
always assume the following conditions for such a pair:

- if δ = ∞, then α is transcendental over Q.
- if δ ∈ Q, then α ∈ Qp.

The first assumption is due to Theorem 3.1. The second assumption is due to
the following fact : in the case of a monomial valuation vp,α,δ as introduced

in section 1.3.1, this valuation can also be defined when α ∈ Cp \ Qp, but

by a density argument we may take α′ ∈ Qp such that vp,α,δ = vp,α′,δ (see
Remark 3.18 (2) below). Consequently, given a pair (α, δ) ∈ Cp× (Q∪{∞})
with α ∈ Cp \ Qp, automatically δ = ∞. The converse is not true: we can

consider pairs (α,∞), where α is either in Qp or in Cp \Qp.

Remark 3.5. Let (α, δ) ∈ Cp × (Q ∪ {∞}) with the above assumptions.
We recall that the value group of Z(p),α,δ is of finite index over the value
group of Z(p) (by Remark 1.3 (1) if δ ̸= ∞ and by [25, Proposition 2.2] if
δ = ∞). In particular, if δ ∈ Q, then Z(p),α,δ is a DVR. Furthermore, if
δ = ∞, by [28, Proposition 2.14, Remark 2.18, Corollary 2.28], Z(p),α,δ is

a DVR precisely when α ∈ Cbr
p (we are assuming that α is transcendental

over Q). If α ∈ Cp \ Cbr
p , then Z(p),α,∞ is a one-dimensional non-discrete

valuation domain (by the same references).

Given (α, δ) ∈ Cp × (Q ∪ {∞}), we denote by Z(p),α,δ the valuation do-
main Zp,α,δ ∩ Q(X). In particular, Z(p),α = Z(p),α,∞ by Remark 1.2. The
next theorem summarizes the results discussed so far and give a complete
description of the unitary DVRs of Q(X).

Theorem 3.6. Let W be a DVR of Q(X) lying above Z(p), for some p ∈ P.
Then the following statements are satisfied.

(1) W = Z(p),α,δ for some (α, δ) ∈ Cbr
p ×(Q∪{∞}). In this case, X ∈W

if and only if (α, δ) ∈ Obr
p × (Q≥0 ∪ {∞}).
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(2) W is residually transcendental (algebraic, respectively) over Z(p) if
and only if δ < ∞ ( α is transcendental over Q and δ = ∞, respec-
tively).

In particular, we have:

Wp,ra = {Z(p),α | α ∈ Cbr
p and α is transcendental over Q}

Wp,rt = {Z(p),α,δ | (α, δ) ∈ Qp ×Q}

Proof. If W is residually transcendental over Z(p), then there exists (α, δ) ∈
Qp × Q such that W = Z(p),α,δ (Theorem 3.4). Next if W is residually

algebraic over Z(p), then there exists α ∈ Cbr
p such that α is transcendental

over Q and W = Z(p),α (Theorem 3.1).
The second part of item (1) follows by Lemma 1.7. The final claim follows

immediately. □

3.2. Polynomial ordering of unitary valuation domains and ultra-
metric balls in Cp. For p ∈ P, we set

Sp = {Z(p),α,δ | (α, δ) ∈ Cp × (Q ∪ {∞})}.
In this subsection, we study under which conditions we have Z(p),α′,δ′ ∩
Q[X] ⊆ Z(p),α,δ for (α, δ), (α′, δ′) ∈ Cp × (Q∪ {∞}), and we show that Sp is
a partially ordered set.

Let

S = (
⋃︂
p∈P

Sp) ∪ {Q[X](q) | q ∈ Q[X] is irreducible }.

It is noteworthy that if W is a two-dimensional valuation overring of Z[X]
with W ⊂ Z(p),0,0, then W ̸= Z(p),α,δ for all (α, δ) ∈ Cp × (Q ∪ {∞}).
Therefore S is not the set of all valuation rings of Q(X), while S contains
the set of all DVRs of Q(X) by Theorem 3.6.

Now, in order to show the correspondence between the valuation domains
of Sp and ultrametric balls in Cp, we need to consider ultrametric balls
possibly having infinite radius (thus, a singleton). Let (α, δ) ∈ Cp × (Q ∪
{∞}). The ball in Cp of center α and radius δ is B̄p(α, δ) = {x ∈ Cp |
vp(x− α) ≥ δ}. Note that B̄p(α, δ) = {α} precisely when δ = ∞. If δ ∈ Q,

then B̄p(α, δ) has a non-empty intersection with Qp, because Qp lies dense in

Cp, and so we may find an element in B̄p(α, δ)∩Qp which can be considered
as the center of the ball.

We will show that the ordering on Sp reflects the containment among
ultrametric balls in Cp under the action of the Galois group Gp (Proposition
3.16 and Remarks 3.18). We first need a couple of lemmas. The first lemma
uses the notion of pseudo-stationary sequence introduced in [9], see also [26].

Lemma 3.7. Let (α, δ) ∈ Cp × (Q ∪ {∞}) and suppose that B̄p(α, δ) ⊆⋃︁
j=1,...,n

Bj, where the Bj’s are polynomially closed subsets of Cp. Then

B̄p(α, δ) ⊆ Bi for some i ∈ {1, . . . , n}.
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Proof. If δ = ∞, then B̄p(α, δ) = {α} and the claim clearly is true.
Suppose that δ ∈ Q. Let E = {sn}n∈N ⊂ B̄p(α, δ) be a pseudo-stationary

sequence with set of pseudo-limits LE = B̄p(α, δ). By the pigeonhole prin-
ciple, a subsequence of E, say E′ = {snk

}k∈N, is contained in Bi, for some
i ∈ {1, . . . , n}; note that E′ is still pseudo-stationary with LE′ = B̄p(α, δ).
By [9, Proposition 4.8], B̄p(α, δ) ⊆ Bi, as claimed. □

Remark 3.8. More generally, Lemma 3.7 holds for any valuation domain
V having infinite residue field; we don’t need that the polynomial closure is
a topological closure, which in general is not true for valuation domains of
arbitrary rank ([30]).

We denote by Gp the Galois group of Qp/Qp. We recall that Gp is iden-
tified with the group of all continuous Qp-automorphism of Cp (see [5, §3,
1.]) and so Gp acts on Cp. Moreover, for each σ ∈ Gp, we have vp ◦ σ = vp,
because Qp is Henselian.

The following remark contains important informations about the set of
conjugates of an element α ∈ Cp \Qp under the action of the group Gp.

Remark 3.9. Let α ∈ Cp. By [5, Remark 3.2], Gp({α}) = {σ(α) | σ ∈ Gp}
is an infinite subset of Cp precisely when α /∈ Qp. In this case, by [5, Theorem
3.5], Gp({α}) is totally disconnected, closed and compact (note that this is
true also when Gp({α}) is a finite set). In particular, by [9, Proposition 2.4],
Gp({α}) is polynomially closed.

Lemma 3.10. Let (αi, δi) ∈ Cp × (Q ∪ {∞}), for i = 1, . . . , n. Then,

Gp(
n⋃︁

i=1
B̄p(αi, δi)) is polynomially closed.

Proof. We remark that

(3.11) Gp(

n⋃︂
i=1

B̄p(αi, δi)) =

n⋃︂
i=1

Gp(B̄p(αi, δi)) =

n⋃︂
i=1

⋃︂
σ∈Gp

B̄p(σ(αi), δi).

If αi ∈ Qp, thenGp(B̄p(αi, δi)) is equal to a finite union of balls B̄p(σ(αi), δi),
for σ ∈ Gp (which may not be necessarily disjoint); therefore, by [9, Propo-

sition 3.4], Gp(B̄p(αi, δi)) is polynomially closed. If αi ∈ Cp \ Qp (so δi is
necessarily equal to ∞ by our convention), then Gp(B̄p(αi, δi)) = Gp({αi})

is polynomially closed by Remark 3.9. Hence, Gp(
n⋃︁

i=1
B̄p(αi, δi)) is polyno-

mially closed, being a finite union of polynomially closed sets. □

We are now ready to prove the main result of this subsection by which
we can show that Sp is a partially ordered set. We need first the following
remark, which gives the connection with rings of integer-valued polynomials.
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Remark 3.12. Let (α, δ) ∈ Cp × (Q ∪ {∞}). If δ ̸= ∞, given c ∈ Qp such
that vp(c) = δ we have the following equalities:

Op,α,δ ∩ Cp[X] = Op

[︃
X − α

c

]︃
= Int(B̄p(α, δ),Op).

The first equality follows from [26, Remark 3.4] and the second one from
[26, Lemma 4.1], since Op is a rank one non-discrete valuation domain with
infinite residue field. More generally, it is clear that the equality

(3.13) Op,α,δ ∩ Cp[X] = Int(B̄p(α, δ),Op)

is true also when δ = ∞. In particular, contracting down the previous
equality to Qp[X] (and similarly to Q[X]), we have

(3.14) Zp,α,δ ∩Qp[X] = IntQp(B̄p(α, δ),Op)

Clearly, we have

(3.15) Int(B̄p(α, δ),Op) =
⋂︂

α′∈B̄p(α,δ)

Op,α′ ∩ Cp[X]

Proposition 3.16. Let p ∈ P and (α, δ), (αi, δi) ∈ Cp × (Q ∪ {∞}), for
i = 1, . . . , n. Then the following conditions are equivalent:

(1) Z(p),αi,δi ∩Q[X] ⊂ Z(p),α,δ for some i ∈ {1, . . . , n}.

(2)
n⋂︁

i=1
Z(p),αi,δi ∩Q[X] ⊂ Z(p),α,δ.

(3) δ ≥ δi and vp(α− σ(αi)) ≥ δi for some σ ∈ Gp and i ∈ {1, . . . , n}.

Proof. (1) ⇒ (2) Clear.
(2) ⇒ (3) By Lemma 2.5, (2) is equivalent to the analogous containment

in Qp(X):

(3.17)
n⋂︂

i=1

(Zp,αi,δi ∩Qp[X]) ⊂ Zp,α,δ.

By (3.14), the left-hand side of (3.17) is equal to
n⋂︂

i=1

IntQp(B̄p(αi, δi),Op) = IntQp(B,Op),

where B =
n⋃︁

i=1
B̄p(αi, δi).

A straightforward adaptation of [27, Lemma 2.20] shows that the integral
closure of IntQp(B,Op) in Qp(X) is equal to IntQp

(Gp(B),Op). Hence, (3.17)

is actually equivalent to

IntQp
(Gp(B),Op) ⊂ (Zp)α,δ.

By applying Lemma 2.5 again, we can transfer the previous containment
over Cp:

Int(Gp(B),Op) ⊂ Op,α,δ ∩ Cp[X] = Int(B̄p(α, δ),Op)
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which amounts to say that B̄p(α, δ) is contained in the polynomial closure
of Gp(B). By Lemma 3.10, Gp(B) is polynomially closed, so B̄p(α, δ) ⊆
Gp(B). By Lemma 3.10 again, for each i ∈ {1, . . . , n}, Gp(B̄p(αi, δi)) is
polynomially closed, so by Lemma 3.7, B̄p(α, δ) ⊆ Gp(B̄p(αi, δi)) for some
i ∈ {1, . . . , n}. If δi = ∞, then necessarily δ = ∞ and α = σ(αi) for some
σ ∈ Gp, because otherwise a similar argument to the proof of Lemma 3.7
shows that Gp({αi}) would contain a pseudo-stationary sequence which is
not possible by compactness. If δi < ∞, again Lemma 3.7 implies that
B̄p(α, δ) is contained in σ(B̄p(αi, δi)) = B̄p(σ(αi), δi) for some σ ∈ Gp,
which amounts to say that δ ≥ δi and vp(α− σ(αi)) ≥ δi, which is precisely
condition (3).

(3) ⇒ (1) Note that Z(p),αi,δi = Z(p),σ(αi),δi for each σ ∈ Gp by Theorem
1.9. Note also that the inequality vp(α − σ(αi)) ≥ δi by (1.5) is equivalent
to Z(p),σ(αi),δi = Z(p),α,δi . Therefore,

Z(p),αi,δi ∩Q[X] = Z(p),α,δi ∩Q[X] ⊂ Z(p),α,δ

where the last containment follows from the inequality δ ≥ δi. □

Remarks 3.18. (1) Let (αi, δi) ∈ Cp × (Q ∪ {∞}), for i = 1, 2. By Propo-
sition 3.16, we have the following equivalence:

Z(p),α1,δ1∩Q[X] ⊂ Z(p),α2,δ2 ⇔ δ2 ≥ δ1 and vp(α2−σ(α1)) ≥ δ1 for some σ ∈ Gp.

This last condition is equivalent to saying that

B̄p(α2, δ2) ⊆ σ(B̄p(α1, δ1)) = B̄p(σ(α1), δ1).

In particular, the residually algebraic DVRs Z(p),α = Z(p),α,∞ of Sp are
precisely the maximal elements of Sp under this ordering (Corollary 2.2 (2))
and each residually transcendental Z(p),α,δ ∈ Sp, with δ ∈ Q, is strictly less

than a maximal element of Sp, namely, Z(p),α′,∞ for α′ ∈ B̄p(α, δ).
(2) Let (αi, δi) ∈ Cp×(Q∪{∞}) for i = 1, 2 be such that Z(p),α1,δ1∩Q[X] =

Z(p),α2,δ2∩Q[X]. By Proposition 3.16, we have δ1 = δ2, vp(α2−σ1(α1)) ≥ δ1,
and vp(α1 − σ2(α2)) ≥ δ2 for some σ1, σ2 ∈ Gp. If δ1 = ∞, then α1 = σ(α2)
for some σ ∈ Gp (that is, α1, α2 are conjugate over Qp), so, in particular,
Z(p),α1,δ1 = Z(p),α2,δ2 . If instead we have δi <∞ for i = 1, 2, then Z(p),α1,δ1 =
Z(p),σ(α1),δ1 by Theorem 1.9 and Z(p),σ1(α1),δ1 = Z(p),α2,δ1 by (1.5), and hence
again we get Z(p),α1,δ1 = Z(p),α2,δ2 . Thus, Sp is a partially ordered set under
Z(p),α1,δ1 ∩Q[X] ⊆ Z(p),α2,δ2 ∩Q[X] for Z(p),αi,δi ∈ Sp.

Let Bp be the set of ultrametric balls in Cp with center in Cbr
p and possibly

infinite radius, namely:

Bp = {B̄p(α, δ) | (α, δ) ∈ Cbr
p × (Q ∪ {∞})}

with the conventions that

- if δ = ∞, then α is transcendental over Q.
- if δ <∞, then α ∈ Qp.
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Note that the Galois group Gp = Gal(Qp/Qp) acts on Bp (Lemma 1.8 and
Theorem 1.9), we denote by Bp/Gp the set of equivalence classes of Bp under
this action. Note that, by Remark 3.9, the cardinality of an equivalence class
of a ball B̄p(α, δ) under the action of Gp is infinite precisely when δ = ∞
and α ̸∈ Qp.

Theorem 3.19. The map

Θp : Bp/Gp → Wp

[B̄p(α, δ)] ↦→ Z(p),α,δ

is a bijection.

Proof. We show first that Θp is well-defined. If [B̄p(α, δ)] = [B̄p(α
′, δ′)] then

there exists σ ∈ Gp such that B̄p(α, δ) = σ(B̄p(α
′, δ′)) = B̄p(σ(α

′), δ′), so in
particular we get δ = δ′ and vp(α− σ(α′)) ≥ δ. Hence, by Proposition 3.16,
we have Z(p),α,δ ∩Q[X] = Z(p),α′,δ′ ∩Q[X] and thus by Remark 3.18 (2) we
get Z(p),α,δ = Z(p),α′,δ′ .

For the injectivity of Θp, if the equality Z(p),α,δ = Z(p),α′,δ′ holds, then
in particular Z(p),α,δ ∩ Q[X] = Z(p),α′,δ′ ∩ Q[X] and the same arguments as

above show that [B̄p(α, δ)] = [B̄p(α
′, δ′)].

The surjectivity of Θp follows from Theorem 3.6. □

4. Polynomial Krull domains

We are interested in characterizing polynomial Krull Domains, i.e., Krull
domains R such that Z[X] ⊆ R ⊆ Q[X]. Note that since Z[X] is a 2-
dimensional Noetherian domain, by [18, Theorem 9] such a Krull domain
R is an integrally closed Noetherian domain of Krull dimension at most 2.
Conversely, it is well-known that every integrally closed Noetherian domain
is a Krull domain (for example, see [32, Chapter VI, §13, (b), p. 82]).
Hence, we are describing the family of integrally closed Noetherian domains
between Z[X] and Q[X]. Given a prime ideal Q of an integral domain R as
above, we say that Q is unitary if Q∩Z = pZ for some p ∈ P and that Q is
non-unitary if Q ∩ Z = (0).

4.1. Representations of polynomial Krull domains. We recall that
we have the following representation of the PID Q[X] as an intersection of
DVRs:

Q[X] =
⋂︂

q∈P irr

Q[X](q)

where P irr is the set of irreducible polynomials of Q[X] and Q[X](q) is the
localization of Q[X] at the prime ideal generated by q(X).

In general, let R be a polynomial Krull domain, Λ = {p ∈ P | pR ⊂ R},
X1(R) be the set of height one prime ideals of R, and X1

p (R) = {Q ∈
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X1(R) | p ∈ Q} for each p ∈ Λ. Then X1
p (R) is finite, RQ is a DVR for all

Q ∈ X1
p (R), and

R =
⋂︂
p∈Λ

(
⋂︂

Q∈X1
p(R)

RQ) ∩Q[X].

Hence, for each p ∈ Λ, there exists a finite set {Wp,1, . . . ,Wp,mp} of DVRs
with quotient field Q(X), so that Wp,j ∩Q = Z(p) for j = 1, . . . ,mp, and

(4.1) R =
⋂︂
p∈Λ

(

mp⋂︂
j=1

Wp,j) ∩Q[X] =
⋂︂
p∈Λ

(

mp⋂︂
j=1

(Wp,j ∩Q[X])).

For each p ∈ Λ, let

(4.2) Rp =

mp⋂︂
j=1

(Wp,j ∩Q[X])

It is clear that Rp is a Krull domain between Z(p)[X] and Q[X] and R =⋂︁
p∈Λ

Rp.

Lemma 4.3. Let p ∈ P and R be a ring between Z[X] and Q[X] such
that R =

⋂︁
Q∈X1(R)

RQ and RQ is a DVR for all Q ∈ X1(R), X1
p (R) =

{Q ∈ X1(R) | p ∈ Q} and Rp = (
⋂︁

Q∈X1
p(R)

RQ) ∩ Q[X]. Then the following

statements hold true.

(1) R =
⋂︁
p∈P

Rp.

(2) If R(p) = (Z \ pZ)−1R, then R(p) = Rp.
(3) R(p) ∩Q = Z(p).

Proof. (1) If Q is a prime ideal of R, either Q ∩ Z = (0) or Q ∩ Z = pZ
for some p ∈ P. Moreover, if Q ∩ Z = (0), then Q[X] ⊆ RQ. Hence,
R = R ∩Q[X] =

⋂︁
p∈P

((
⋂︁

Q∈X1
p(R)

RQ) ∩Q[X]) =
⋂︁
p∈P

Rp.

(2) (⊆) Let f
n ∈ R(p), where f ∈ R and n ∈ Z is not divisible by p.

Then clearly f
n ∈ RQ, for every Q ∈ X1

p (R) since the value of each of the
corresponding valuation of n is zero and R ⊆ Rp. Thus, R(p) ⊆ Rp. (⊇)
Conversely, let h ∈ Rp. Then we may write h = g

mpk
, for some g ∈ Z[X],

m ∈ Z not divisible by p and k ≥ 0. Then mh = g
pk

is clearly in R (because

for each q ∈ P, q ̸= p, pk is a unit of RQ for all Q ∈ X1
q (R)). Thus, we also

have R(p) ⊇ Rp.
(3) The result follows from the following two observations: (i) RQ ∩Q =

Z(p) for all Q ∈ X1
p (R) and (ii) R(p) = Rp by (2). □
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Let R be as in Lemma 4.3 and R′
p =

⋂︁
Q∈X1

p(R)

RQ for all p ∈ P. Then R

is a Krull domain if and only if Rp is a Krull domain for all p ∈ P and, for
any 0 ̸= f ∈ Z[X], fR′

p = R′
p for all but a finitely many p’s in P. Hence, in

the remaining part of this paper, we first study when Rp is a Krull domain
and we then study the Krull domain R by investigating the property that
if f ∈ Z[X] is nonzero, then fR′

p = R′
p for all but a finitely many p’s in P.

The first case will be called “Local case” and the second one “Global case”.

4.2. Local case. Let p ∈ P be fixed. In this section we consider a Krull
domain R between Z(p)[X] and Q[X]; we show that R can be represented as
a ring of integer-valued polynomials over a finite union of ultrametric balls
in Cp. Clearly, for every such R we have

(4.4) R =

m⋂︂
j=1

Wj ∩Q[X]

where {Wi | j = 1, . . . ,m} is a finite family (possibly empty) of DVRs of
Q(X) lying above Z(p).

4.2.1. Irredundant representation. We first investigate when a representa-
tion of a Krull domain between Z(p)[X] and Q[X] as in (4.4) is irredun-
dant. Let D be an integral domain with quotient field K and suppose that
D =

⋂︁
i∈I

Vi, where {Vi}i∈I is a family of valuation domains of K (by Krull’s

Theorem this is equivalent to say that D is integrally closed in K). As
in [15], we say that an element V = Vi0 of this family is superfluous if
D =

⋂︁
i∈I,i̸=i0

Vi and that the representation D =
⋂︁
i∈I

Vi is irredundant if no

element Vi of the family {Vi}i∈I is superfluous.
The following result is classical, see for example [23, Remark on page 296]

or [14, Corollary 43.9].

Theorem 4.5. Let D be a Krull domain. Then {DP | P ∈ X1(D)} is the
unique defining family for D, that is, if {Vα} is a defining family for D,
then {DP | P ∈ X1(D)} ⊆ {Vα}.

Let D be a Krull domain. Theorem 4.5 also says that if Λ is a subset
of X1(D), then D ⊊

⋂︁
P∈Λ

DP if and only if Λ ⊊ X1(D). In particular, for

every P ∈ X1(D), DP is not superfluous for the defining family {DP | P ∈
X1(D)}, which therefore realizes the unique irredundant representation of
D.

Corollary 4.6. Let D be a Krull domain, {Vα} be a defining family for D
and V ∈ {Vα} with maximal ideal M .

(1) V is superfluous in D =
⋂︁
α
Vα if and only if ht(M ∩D) ≥ 2.
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(2) The intersection D =
⋂︁
α
Vα is irredundant if and only if ht(Mα∩D) =

1 for all α.

Proof. (1) Suppose that V is not superfluous in D =
⋂︁
α
Vα and let R =⋂︁

Vα ̸=V

Vα. Then D = R∩V and R ⊈ V . Hence V = DM∩D [19, Lemma 1.3],

and since V is a DVR, ht(M ∩ D) =ht((M ∩ D)DM∩D) = 1. Conversely,
assume that ht(M ∩D) < 2. Then ht(M ∩D) = 1, and hence DM∩D is a
DVR. Note that DM∩D ⊆ V , so DM∩D = V . Thus V is not superfluous in
D =

⋂︁
α
Vα.

(2) This follows directly from (1). □

Corollary 4.7. Let R be as in (4.4) and let W = Wj for some j ∈
{1, . . . ,m}. If W ′ is a DVR extending Z(p) such that w < w′, then R ⊂W ′

and the center of W ′ on R has height two.
Moreover, if W ′′ is another DVR extending Z(p) such that w < w′ ≤ w′′,

then M ∩R ⊂M ′ ∩R =M ′′ ∩R.

Proof. By assumption that w < w′, we have R ⊆ W ∩ Q[X] ⊆ W ′ ∩ Q[X].
HenceW ′ is superfluous in R∩W ′, and sinceW ̸=W ′, we have ht(M ′∩R) ≥
2 by Corollary 4.6. Note that dim(R) ≤ 2. Thus ht(M ′ ∩R) = 2.

For the last statement, we have R ⊂W ′∩Q[X] ⊆W ′′∩Q[X], soM ′∩R ⊆
M ′′ ∩R. Since dim(R) ≤ 2, equality holds in the previous containment. □

Corollary 4.8. Let R be as in (4.4). Then, for every q ∈ Q[X] irreducible,
Q[X](q) is not superfluous in that representation of R.

Proof. Let Q be the center of Q[X](q) on R. Then Q∩Z = (0), and hence if

S = Z \ {0}, then RS =
n⋂︁

i=1
(Wi)S ∩Q[X] = Q[X] [14, Proposition 43.5] and

QRS ⊊ RS . Thus htQ = ht(QRS) = 1, so, by Corollary 4.6, 2., Q[X](q) is
not superfluous. □

Remark 4.9. (1) By Proposition 3.16, geometrically the representation
of R in (4.4) is irredundant if and only if the balls B̄p(αi, δi), (αi, δi) ∈
Obr

p ×(Q≥0∪{∞}), for i = 1, . . . , n, are disjoint under the action of the Galois

groupGp in the following sense: for each pair of balls B̄p(αi1 , δi1), B̄p(αi2 , δi2),
there is no σ ∈ Gp such that B̄p(αi1 , δi1) is contained in σ(B̄p(αi2 , δi2)) (see
Remarks 3.18). Equivalently, the balls B̄p(σ(αi), δi), for i = 1, . . . , n and
σ ∈ Gp, are disjoint. We stress that the number of such balls is finite if and

only if there is no j ∈ {1, . . . , n} such that αj ∈ Obr
p \ Zp (see Remark 3.9).

(2) By Corollary 4.6 and Corollary 4.8, the representation of R in (4.4)
is irredundant if and only if Mj ∩R has height one for j = 1, . . . ,m, where
Mj is the maximal ideal of Wj .
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Now we study some basic ring-theoretic properties of R =
m⋂︁
j=1

Wj ∩Q[X],

which are very useful for the study of polynomial Krull domains. In partic-
ular, we characterize when the prime unitary ideals of R are maximal. If W
is a DVR of Q(X) extending Z(p) for some p ∈ P, we denote by e(W | Z(p))

the ramification index of the extension W ⊃ Z(p). If α ∈ Cbr
p , we denote by

e(Qp(α) | Qp) the ramification index of the extension Qp(α) ⊇ Qp (we stress

that this extension is algebraic precisely when α ∈ Qp).

Theorem 4.10. Let p ∈ P. Suppose thatWj = Z(p),αj ,δj , for some (αj , δj) ∈
Cbr
p × (Q ∪ {∞}), is a DVR of Q(X) extending Z(p) and X ∈ Wj for j =

1, . . . ,m. Now, let Mj =M(p),αj ,δj for each j = 1, . . . ,m, and

(4.11) R =
m⋂︂
j=1

Wj ∩Q[X].

If the representation of R in (4.11) is irredundant (namely, ht(Mj ∩R) = 1
for j = 1, . . . ,m), then the following statements hold:

(1) R is a Krull domain such that Z(p)[X] ⊆ R ⊆ Q[X].

(2) X1(R) = {Mj ∩ R | j = 1, . . . ,m} ∪ {fQ[X] ∩ R | f ∈ Q[X] is
irreducible}.

(3) Mj∩R is a maximal ideal of R if and only ifWj is residually algebraic
over Z(p).

(4) Suppose that (αj , δj) is a minimal pair if δj ∈ Q. Then we have

e(Wj |Z(p)) =

{︃
e(Qp(αj)|Qp), if δj = ∞

e(Qp(αj)|Qp)e(γj |Qp(αj)), if δj <∞

where γj = wj(fαj ), fαj is the minimal polynomial of αj over Qp

and e(γj |Qp(αj)) is the smallest natural number n such that nγj is
in the value group of Qp(αj).

(5) If ej = e(Wj |Z(p)) for j = 1, . . . ,m and d = gcd(e1, . . . , em), then

Cl(R) = Z/dZ⊕ Zm−1.
(6) R is Dedekind if and only if δj = ∞ and αi is transcendental over

Q for each j = 1, . . . ,m.

Proof. (1) Clear, since R is a finite intersection of Krull domains with the
same quotient field ([7, Chapter VII, §1, 3. Exemples, 3)]).

(2) The containment (⊇) follows by [10, Corollary 2.3(3)] and the assump-
tion that Mj ∩ R ∈ X1(R) for all j ∈ {1, . . . ,m}. The other containment
follows easily by Theorem 4.5.

(3) If Wj is residually transcendental over Z(p), that is, δj ∈ Q (Theorem
3.6), then the claim follows by Corollary 4.7. Suppose instead that Wj is
residually algebraic over Z(p), that is, δ = ∞ (Theorem 3.6). We have the
following containments: Z/pZ ⊆ R/(Mj ∩ R) ⊆ Wj/Mj ; since Wj/Mj is
algebraic over Z/pZ, it follows that Mj ∩R is a maximal ideal of R.
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(4) If δj <∞, see [2, Theorem 2.1, c)], while if δj = ∞, see [25, Proposi-
tion 2.2].

(5) Let G be a free abelian group of rank m on the generators g1, . . . , gm

and H be the subgroup of G generated by r =
m∑︁
i=1

eigi. Then Cl(R) = G/H

[10, Theorem 2.4], and since d = gcd(e1, . . . , em), Cl(R) = Z/dZ⊕Zm−1 [10,
Remark 1.6].

(6) A Krull domain is Dedekind if and only if it has (Krull) dimension
one ([32, Theorem 28, Chapt. VI, §13]). The proof then follows from items
(2), (3) and Theorem 3.6. □

Definition 4.12. An infinite family {Wi}i∈I of DVRs of Q(X) will be said
to be polynomially finite if there exists a finite set {V1, . . . , Vn} of DVRs of

Q(X) such that
⋂︁
i∈I

Wi ∩Q[X] =
n⋂︁

j=1
Vj ∩Q[X].

For example, putting together (3.13) and (3.15), we have⋂︂
α′∈B̄p(α,δ)

Op,α′,∞ ∩ Cp[X] = Op,α,δ ∩ Cp[X].

Note that an element of the family {Op,α′,∞ | α′ ∈ B̄p(α, δ)} is a DVR if and
only if α′ is transcendental over Q ([25, Proposition 2.2]), so in particular,
not every of the valuation overring Op,αp,∞ above is a DVR.

The next theorem establishes when an infinite family {Wi}i∈I of DVRs
of Q(X) extending Z(p) is polynomially finite.

Theorem 4.13. Let p ∈ P. Suppose that Z(p),αi,δi, for some (αi, δi) ∈
Cbr
p × (Q∪ {∞}), is an infinite family of DVRs of Q(X) extending Z(p), for

i ∈ I, and let R =
⋂︁
i∈I

Z(p),αi,δi ∩ Q[X]. Then the following statements are

equivalent:

(1) R is a Krull domain.
(2) The set {Z(p),αi,δi | i ∈ I} is polynomially finite.

(3) R =
n⋂︁

j=1
Z(p),αj ,δj ∩ Q[X] for some {(αj , δj) | j = 1, . . . , n} ⊆ Cbr

p ×

(Q ∪ {∞}).
(4) There exists a finite subset {(αj , δj) | j = 1, . . . , n} of Cbr

p × (Q ∪

{∞}), so that R ⊆
n⋂︁

j=1
Z(p),αj ,δj and for each i ∈ I, there exists

j ∈ {1, . . . , n} such that δi ≥ δj and v(αi − σ(αj)) ≥ δj, for some
σ ∈ Gp.

Proof. (1) ⇒ (2) Let A = X1
p (R). Then A is finite, R =

⋂︁
Q∈A

RQ∩Q[X], RQ

is a DVR of Q(X) extending Z(p). Thus {Z(p),αi,δi | i ∈ I} is polynomially
finite.



28 G. W. CHANG AND G. PERUGINELLI

(2) ⇒ (3) This follows from the fact that each DVR of Q(X) extending
Z(p) is of the form Z(p),α,δ for some (α, δ) ∈ Cbr

p × (Q ∪ {∞}) by Theorem
3.6.

(3) ⇒ (1) Clear, since R is a finite intersection of Krull domains with the
same quotient field ([7, Chapter VII, §1, 3. Exemples, 3)]).

(3) ⇒ (4) Each Z(p),αi,δi is an overring of
n⋂︁

j=1
Z(p),αj ,δj ∩ Q[X], so by

Proposition 3.16, δi ≥ δj and v(αi − σ(αj)) ≥ δj , for some j ∈ {1, . . . ,m}
and σ ∈ Gp.

(4) ⇒ (3) Suppose that for each i ∈ I, there exists j ∈ {1, . . . , n} such
that δi ≥ δj and v(αi − σ(αj)) ≥ δj , for some σ ∈ Gp. Then by Proposition

3.16, Z(p),αi,δi is an overring of
n⋂︁

j=1
Z(p),αj ,δj ∩Q[X], so the containment (⊇)

holds and the equality follows because R ⊆
n⋂︁

j=1
Z(p),αj ,δj . □

Remark 4.14. Geometrically, condition 4. of Theorem 4.13 means that
the union of the balls B̄p(αi, δi) in Qp, for i ∈ I (each of them corresponds
to a valuation domain Z(p),αi,δi), is contained in finitely many of them up to
the action of the Galois group Gp, namely:⋃︂

i∈I
B̄p(αi, δi) ⊆

⋃︂
j=1,...,m

⋃︂
σ∈Gp

B̄p(σ(αj), δj).

We can now characterize Krull Domains R between Z(p)[X] and Q[X]. By
Theorem 3.6, we may restrict to consider in the defining family of DVRs of R
only those DVRs extending Z(p) defined by pairs (α, δ) ∈ Obr

p ×(Q≥0∪{∞}).
We recall that Z(p)[X] is a Krull domain (for example see [13, Proposition
1.6]). If Z(p),0,0 is the valuation domain of the trivial Gaussian extension,
then Z(p)[X] = Z(p),0,0 ∩Q[X] = IntQ(Op).

Theorem 4.15. Let p ∈ P and R be a Krull domain between Z(p)[X] and

Q[X]. Then there exist finitely many pairs (αi, δi) ∈ Obr
p × (Q≥0 ∪ {∞}),

i = 1, . . . , n, with αi transcendental over Q if δi = ∞, such that

(4.16) R =

n⋂︂
i=1

Z(p),αi,δi ∩Q[X] = IntQ (Ep,Op) ,

where Ep =
n⋃︁

i=1
B̄p(αi, δi). Moreover, if the representation in (4.16) is irre-

dundant (see Remark 4.9), then R is Dedekind if and only if either n = 0
(and then R = Q[X]) or n ≥ 1 and δi = ∞ for each i = 1, . . . , n; thus, in
either case, R is Dedekind if and only if Ep contains finitely many elements.

Proof. We remarked at the beginning of this section in (4.4) that R =
n⋂︁

i=1
Wi ∩ Q[X], where Wi is a DVR of Q(X) containing Z(p)[X], for each
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i = 1, . . . , n. By Theorem 3.6, there exist (αi, δi) ∈ Obr
p × (Q≥0 ∪ {∞})

such that Wi = Z(p),αi,δi , for each i = 1, . . . , n. Note that, if δi = ∞, then
necessarily α must be transcendental over Q (§3.1.3). The representation of
R as a ring of integer-valued polynomials follows by (3.14).

Clearly, R ∩ Q is equal either to Q or to Z(p) according to whether the
family of DVRs Wi is empty or not. In the former case, R = Q[X] which
is a PID (thus, Dedekind and a UFD). In the latter case, by [26, Theorem
3.14], the Krull domain R is Dedekind if and only if there is no Wi which is
residually transcendental over Z(p). This corresponds to saying that δi = ∞
for each i = 1, . . . , n, by Theorem 3.6. □

4.2.2. Non-unitary prime ideals. Let R be a polynomial Krull domain be-
tween Z(p)[X] and Q[X] as in (4.4). Let q ∈ Q[X] be irreducible and let
Q = q(X)Q[X](q) ∩R. By Theorem 4.10 (2), Q is an height 1 prime ideal of
R and RQ = Q[X](q). In this section we characterize when Q is a maximal
ideal of R.

In general, we remark that if W is a valuation domain of the field of
rational functions K(X) over a field K and W has dimension at least 2,
then W ∩K = V is a valuation domain of K which is not K itself. In fact,
W ∩K = K ⇔ K ⊂W and in this case W would be a DVR ([11, p. 3]).

Proposition 4.17. Let W be a valuation domain of K(X) such that W ⊂
K[X](q) for some irreducible q ∈ K[X]. Let V = W ∩ K. Then, there

exist a root α ∈ K of q(X) and an extension U of V to K(α) such that
W = Uα = {ϕ ∈ K(X) | ϕ(α) ∈ U}.

Proof. Let π : K[X](q) → K[X]/(q) ∼= K(α) be the canonical residue map,
where α is the residue class of X and can be identified to a root of q. Note
that for ϕ ∈ K[X](q), π(ϕ) = ϕ(α) because π is an homomorphism.

It is well-known that every valuation domain W strictly contained in
K[X](q) is of the form π−1(U), where U is a valuation domain of K(α);
moreover, U = π(W ) = W/Q, where Q is the maximal ideal of K[X](q).
Hence,

(4.18) U =W/Q = {ϕ(α) | ϕ ∈W} = {ϕ(α) ∈ K(α) | ϕ(α) ∈ U}.

(Actually, every element of K(α) is of the form g(α) for some g ∈ K[X]).
Moreover, the maximal ideal of U is equal to MW /Q, where MW is the
maximal ideal of W . In particular, U ∩K = V . In fact, if β ∈ V =W ∩K,
then π(β) = β because π|K is the identity. Hence, β = π(β) ∈ U = W/Q.
Similary, one can show that MV ⊆ MU = MW /Q, the maximal ideal of U .
Therefore, V = U ∩K.

Finally, by (4.18) and the above considerations,

W = π−1(U) = {ϕ ∈ K(X) | ϕ(α) ∈ U} = Uα.

□
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We remark that if we consider the completion of K(α) with respect to

the valuation domain U , we may consider α as an element of ˆ︁K, algebraic
over K, so that we have the equality:

W = {ϕ ∈ K(X) | ϕ(α) ∈ ˆ︁U}

where ˆ︁U is the completion of U .

Theorem 4.19. Let p ∈ P and let R =
m⋂︁
j=1

Z(p),αj ,δj ∩ Q[X] be a Krull

domain, where (αj , δj) ∈ Cp × (Q ∪ {∞}) for j = 1, . . . ,m. Let Q =
q(X)Q[X] ∩ R be a non-unitary prime ideal of R, for some irreducible q ∈
Q[X]. Then Q is a maximal ideal of R if and only if q has no root in
m⋃︁
j=1

B̄p(αj , δj).

Proof. Note that when R is Dedekind (that is, δj = ∞ for j = 1, . . . ,m by
Theorem 4.10, (7)), then Q is automatically maximal. In this case each ball
B̄p(αj , δj) is the singleton {αj} which is necessarily transcendental over Q
because otherwise Z(p),αj ,∞ would not be a DVR.

In general, suppose that q(α′) = 0 for some α′ ∈
⋃︁m

j=1 B̄p(αj , δj). Then,
we have these containments:

R ⊂ Z(p),α′ = Z(p),α′,∞ ⊂ Q[X](q)

where the first containment follows by Proposition 3.16 and the second one
from the fact that Q[X](q) = {ϕ ∈ K(X) | ϕ(α′) ∈ Qp}. In particular,
Q ⊂M(p),α′ ∩R, so Q is not a maximal ideal.

Conversely, suppose that Q ⊂M ⊂ R for some height 2 maximal idealM
of R, which necessarily contains p. By [14, Corollary 19.7], there exists a 2-
dimensional valuation overring W of R with non-zero prime ideals Q′ ⊂M ′

such that Q′∩R = Q andM ′∩R =M . Note that W ∩Q = Z(p) and WQ′ =
RQ = Q[X](q). By Proposition 4.17, there exist an extension U of Z(p) to
Q[X]/(q) and a root α′ of q(X) such that W = {ϕ ∈ Q(X) | ϕ(α′) ∈ U}. By
the remark after that Proposition, we may assume that α′ ∈ Qp, necessarily
algebraic over Q, so that W = Z(p),α′ = Z(p),α′,∞. Since R ⊂ Z(p),α′ , it
follows by Proposition 3.16 that α′ (or possibly some of its conjugate) is in⋃︁m

j=1 B̄p(αj , δj), as claimed. □

Corollary 4.20. Let R and Q be as in Theorem 4.19 and suppose that Q is
not a maximal ideal. Then the maximal ideals of R containing Q are unitary
and they are finitely many.

Proof. If Q ⊂ M ⊂ R where M is a maximal ideal, the above proof of
Theorem 4.19 shows that M = M(p),α′ ∩ R, where α′ is a root of q(X).
Hence, such M ’s are finitely many. □
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4.2.3. Unique factorization domains. In this section we completely describe
the UFDs between Z(p)[X] and Q[X], where p ∈ Z is a fixed prime. It is
known that an integral domain is a UFD if and only if it is a Krull domain
with trivial divisor class group [13, Proposition 6.1].

The following lemma follows from [29, Proposition 3.2 & Proposition 3.7],
but for the sake of the reader we give a self-contained proof.

Lemma 4.21. Suppose α ∈ Qp is unramified over Qp and let qα ∈ Qp[X]
be its minimal polynomial. Then, vp,α,δ(qα) = kδ + γ, for some γ ∈ Z and
k = #(Ωα ∩ B̄p(α, δ)), where Ωα is the set of conjugates of α over Qp.

Proof. We remark that Ωα ⊂ Qp(α) because Qp(α)/Qp is a Galois extension.
Note also that qα(X) =

∏︁
α′∈Ωα

(X − α′) over Qp(α). For each α′ ∈ Ωα, we

have

vp,α,δ(X − α′) = min{δ, vp(α− α′)}
so that

vp,α,δ(qα) =
∑︂

α′∈Ωα∩B̄p(α,δ)

δ +
∑︂

α′∈Ωα\B̄p(α,δ)

vp(α− α′) = kδ + γ

where γ =
∑︁

α′∈Ωα\B̄p(α,δ)

vp(α − α′). Let OQp(α) be the ring of integers of

Qp(α), so OQp(α) is a valuation domain. Then, as α is unramified, OQp(α)

and Zp have the same value group, and thus we have γ ∈ Z. More precisely,
γ = vp(h(α)), where h(X) =

∏︁
α′∈Ωα\B̄p(α,δ)

(X − α′). □

Next, we show that the cardinality of the set of conjugates of α over Qp

in B̄p(α, δ), namely, the quantity #(Ωα∩B̄p(α, δ)) is 1 when α is unramified
over Qp and (α, δ) is a minimal pair.

Proposition 4.22. Let (α, δ) ∈ Qp × Q be a minimal pair such that α
is unramified over Qp. Then #(Ωα ∩ B̄p(α, δ)) = 1. In particular, γ =
vp,α,δ(qα) = δ + λ, for some λ ∈ Z and we therefore have:

e(γ | Qp(α)) = e(δ | Qp)

Proof. Suppose first that α ∈ Qp, so that qα(X) = X − α and Ωα = {α}.
Then vp,α,δ(qα) = δ and the statement is true in this case.

Suppose now that α ̸∈ Qp. We consider the following constants:

δQp(α) = sup{vp(α− c) | c ∈ Qp, [Qp(c) : Qp] < [Qp(α) : Qp]}
ωQp(α) = sup{vp(α− α′) | α′ ∈ Ωα \ {α}}

which are both well-defined because α ̸∈ Qp. It is known that δQp(α) is
a maximum (see for example [28, Lemma 1.2]) and so in general we have
the inequality δQp(α) ≤ ωQp(α) (which follows by the classical Krasner’s
lemma). Since Qp(α)/Qp is unramified, by [22, Theorem 1.3] we have the
equality δQp(α) = ωQp(α). Moreover, from the definitions it follows that
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(α, δ) is a minimal pair if and only if δ > δQp(α). Now, if β ∈ B̄p(α, δ), we
have

vp(α− β) ≥ δ > δQp(α) = ωQp(α)

so, the only conjugate of α in B̄p(α, δ) is α itself, that is, #(Ωα∩B̄p(α, δ)) =
1.

The last claim now follows by Lemma 4.21 and the displayed equation is
clear from the fact that λ ∈ Z. □

The next theorem characterizes when a DVR of Q(X) extending Z(p) is
unramified over Z(p).

Theorem 4.23. Let W be a DVR of Q(X) extending Z(p) containing X.
Then W is unramified over Z(p) if and only if there exists a minimal pair

(α, δ) ∈ Obr
p × (Z≥0 ∪{∞}) such that W = Z(p),α,δ and Qp(α)/Qp is unram-

ified.

Proof. By Theorem 3.6, there exists (α, δ) ∈ Cbr
p × (Q ∪ {∞}) such that

W = Z(p),α,δ.
Suppose first that W is residually algebraic over Z(p), so, by the same

Theorem δ = ∞ and α is transcendental over Q. In this case, if α ∈ Qp,
then by [25, Proposition 2.2] we have e(W | Z(p)) = e(Qp(α) | Qp). If

instead α ∈ Cp \ Qp, then e(W | Z(p)) = e(Zp,α,δ | Zp) = e(Qp(α) | Qp),
where the first equality follows from [28, Proposition 2.24] and the second
equality from [28, Proposition 2.14]. In either case, the claim follows.

Suppose now that W is residually transcendental over Z(p), so in par-
ticular, δ ∈ Q by the aforementioned Theorem, and we may assume that
α ∈ Qp. By [2, Theorem 2.1], e(W | Z(p)) = 1 if and only if the following
condition holds:

there exists a minimal pair (α, δ) ∈ Qp × Q of definition of W such
that Qp(α)/Qp is unramified and w(qα) ∈ ΓQp(α) where qα is the
minimal polynomial of α over Qp.

By Lemma 4.21, we have w(qα) = vp,α,δ(qα) = kδ + λ, where k = #(Ωα ∩
B̄p(α, δ)) and λ ∈ ΓQp(α) = ΓQp = Z; in particular, we have w(qα) ∈
ΓQp(α) ⇔ kδ ∈ Z.

If α ∈ Qp, then qα(X) = X − α, so vp,α,δ(qα) = δ which is therefore
an integer. Suppose that α ̸∈ Qp. Since (α, δ) is a minimal pair, δ > 0.
By Proposition 4.22 we have k = 1, so that above displayed condition is
equivalent to the condition of the main statement of the theorem. □

Theorem 4.24. Let R be a ring between Z(p)[X] and Q[X]. Then R is a
UFD if and only if either R = Q[X] or R =W ∩Q[X] where W is a DVR of
Q(X) extending Z(p) unramified over Z(p). More precisely, the last condition

holds if and only if there exists (α, δ) ∈ Obr
p × (Z≥0 ∪ {∞}) such that α is

unramified over Qp and in this case R = IntQ(B̄p(α, δ),Op).
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Proof. A UFD is just a Krull domain with trivial divisor class group [13,
Proposition 6.1]. So, if R is a UFD, then, by Theorem 4.15 we have R =
m⋂︁
i=1

Z(p),αi,δi ∩Q[X], for some (αi, δi) ∈ Obr
p × (Q≥0 ∪ {∞}), for i = 1, . . . , n.

By items (4) and (5) of Theorem 4.10, either R = Q[X] or R = Z(p),α,δ∩Q[X]
and Z(p),α,δ is unramified over Z(p),α,δ. Conversely, if R has the stated form,
then by Theorem 4.10, R is a Krull domain with trivial class group, hence,
a Krull domain.

The proof of the last claim follows from Theorem 4.23. □

Example 4.25. Let R be a UFD between Z(p)[X] and Q[X]. We remark
that R is equal to Q[X] precisely when p is a unit of R, otherwise R =W ∩
Q[X] for some DVR W of Q(X) extending Z(p), such that W is unramified
over Z(p). Note that R = Z(p)[X] if and only if W = Z(p),0,0.

4.3. Global case. In this section, we globalize the results of Section 4.2.
Namely, we consider a subset Λ ⊆ P, Wp,j a DVR of Q(X) with X ∈ Wp,j

and Wp,j ∩Q = Z(p), and R =
⋂︁
p∈Λ

(
mp⋂︁
j=1

(Wp,j ∩Q[X])).

4.3.1. When a polynomial Krull domain is Dedekind. Let R be a polynomial
Krull domain. The next proposition shows that if all the unitary DVRs of
the defining family of R are residually algebraic extensions of Z(p), for p ∈ P,
then R is a Dedekind domain. We first recall the following definition given
in [27, 28].

Definition 4.26. Let E =
∏︁
p∈P

Ep ⊆ O =
∏︁

p∈POp be a subset. We say that

E is polynomially factorizable if, for each g ∈ Z[X] and α = (αp) ∈ E, there

exist n, d ∈ Z, n, d ≥ 1 such that g(α)n

d is a unit of O, that is, vp(
g(αp)n

d ) = 0
for all p ∈ P.

If every αp ∈ Ep is transcendental overQ for every p ∈ P, [27, Lemma 2.12]
shows that a set E as in the above definition is polynomially factorizable if
and only if, for each g ∈ Z[X], the following set is finite:

Pg,E = {p ∈ P | ∃αp ∈ Ep such that vp(g(αp)) > 0}.

Clearly, we have

Pg,E = {p ∈ P | ∃αp ∈ Ep such that g ∈ Z[X] ∩M(p),αp
},

where M(p),αp
=M(p),αp,∞ is the maximal ideal of Z(p),αp

= Z(p),αp,∞.

Proposition 4.27. Let R be a Krull domain between Z[X] and Q[X]. Then
the following statements are equivalent.

(1) R is a Dedekind domain.
(2) Each unitary DVR W of the defining family of R is a residually

algebraic extension of W ∩Q.
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(3) R = IntQ(E,O), for some subset E =
∏︁
p∈P

Ep ⊂ O =
∏︁
p∈P

Op such

that Ep ⊂ Obr
p is a finite set of transcendental elements over Q for

each p ∈ P.
In this case, E is polynomially factorizable.

Proof. (1) ⇒ (2) This is an immediate consequence of Theorem 4.10, (3).
(2) ⇒ (3) Let {Wi}i∈I be the proper subset of the defining family of

DVRs of R which are extensions of Z(p) for some p ∈ P. By Theorem 3.1,

if Wi is a residually algebraic extension of Z(p), then there exists αp ∈ Obr
p ,

transcendental over Q, such that Wi = Z(p),αp
= Z(p),αp,∞. For each p ∈ P,

we denote by Ep the subset formed by these αp ∈ Obr
p . Then the defining

family of DVRs of R is equal to:

{Z(p),αp
| p ∈ P, αp ∈ Ep} ∪ {Q[X](g) | g ∈ Q[X], irreducible}

In particular, we have

R =
⋂︂
i∈I

Wi ∩Q[X] =
⋂︂
p∈P

⋂︂
αp∈Ep

Z(p),αp
∩Q[X] =

⋂︂
p∈P

IntQ(Ep,Op)

where the last equality follows from Remark 3.12. Note that we also have⋂︂
p∈P

IntQ(Ep,Op) = IntQ(E,O) = {f ∈ Q[X] | f(α) ∈ O, ∀α ∈ E}

where E =
∏︁
p
Ep, O =

∏︁
p
Op and f(α) = (f(αp))p if α = (αp)p ∈ E. Finally,

let p ∈ P. Then, since p ∈ R, p is contained in finitely many centers of the
defining family of DVRs of R. This implies that Ep is finite.

(3) ⇒ (1) Let M be a maximal ideal of R. If M ∩Z = (0), then htM = 1,
so assume that M ∩ Z = pZ for some p ∈ P. Note that R = IntQ(E,O) =⋂︁
p∈P

⋂︁
αp∈Ep

Z(p),αp
∩Q[X], so if S = Z \ pZ, then RS =

⋂︁
αp∈Ep

Z(p),αp
∩Q[X] by

Lemma 4.3 and
⋂︁

αp∈Ep

Z(p),αp
∩Q[X] is a Dedekind domain by Theorem 4.15.

Hence, htM = ht(MRS) = 1. Thus, R is a one-dimensional Krull domain,
therefore R is a Dedekind domain.

Now for the proof of “In this case”, let f ∈ Z[X] ⊂ R. Since R is a
Krull domain, f is contained in only finitely many centers of the valuation
domains of the defining family for R (clearly, f is contained in finitely many
centers of the non-unitary valuation domains Q[X](g), which are the non-
unitary prime ideals of R ). This precisely means that the set Pg,E = {p ∈
P | ∃αp ∈ Ep, vp(f(αp)) > 0} is finite. Hence, E is polynomially factorizable
by [27, Lemma 2.12]. □

In particular, a polynomial Krull domain which is not Dedekind must
have an essential valuation overring which is a residually transcendental
extension of Z(p), for some p ∈ P.
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Proposition 4.28. Let R be a polynomial Krull domain. Then R = R1∩R2,
where R1 is a Dedekind domain such that Z[X] ⊂ R1 ⊆ Q[X], and R2 is
either a non-Prüfer Krull domain such that Z[X] ⊆ R2 ⊂ Q[X] and Q is
not maximal for all Q ∈ X1(R2) with Q ∩ Z ̸= (0) or R2 = Q[X].

Proof. Let W(R) = {Wi}i∈I be the subset of the defining family of DVRs for
R which are unitary valuation domains. Note that W(R) = ∅ is equivalent
to saying that R = Q[X]; in this case we have R1 = R2 = Q[X]. Suppose
now that W(R) ̸= ∅. We partition W(R) into the subset Wra(R) of resid-
ually algebraic extensions of Z(p) for some p ∈ P and the subset Wrt(R) of
residually transcendental extensions of Z(p) for some p ∈ P.

We set:

R1 =
⋂︂

Wi∈Wra(R)

Wi ∩Q[X] and R2 =
⋂︂

Wi∈Wrt(R)

Wi ∩Q[X].

Then R = R1 ∩R2. Clearly, R1 = Q[X] if and only if Wra(R) = ∅ and sim-
ilarly R2 = Q[X] if and only if Wrt(R) = ∅. Note that since R1 and R2 are
both subintersections of the Krull domain R, they both are Krull domains.
Moreover, by Proposition 4.27, R1 is Dedekind, while if Wrt(R) ̸= ∅, then
R2 is not Prüfer, since every Wi ∈ Wrt(R) is residually transcendental over
Wi ∩Q (see [26, Theorem 3.14]).

Now, suppose that R2 ⊂ Q[X]. Let Q ∈ X1(R2) be such that Q∩Z ̸= (0),
so Q∩Q = pZ(p) for some p ∈ P. Then (R2)Q =Wk for some Wk ∈ Wrt(R)

by [10, Corollary 2.3(i)]. It is clear that if S is the multiplicative subset
of Z generated by P − {p}, then (R2)S is a Krull domain between Z(p)[X]
and Q[X]. Note that (R2)S =

⋂︁
Wi∈Wrt(R)

(Wi)S ∩Q[X] and (Wk)S = Wk, so

QS is not a maximal ideal of (R2)S by Theorem 4.10 (3). Thus Q is not a
maximal ideal of R2. □

In Proposition 4.28, R1 = Q[X] if R has no valuation overrings which are
residually algebraic extensions of Z(p) for all p ∈ P, and R2 = Q[X] if R
is a Dedekind domain (or, equivalently, R has no valuation overrings which
are residually transcendental extensions of Z(p) for all p ∈ P). Therefore,
the objective is now to characterize when, for a given family {Wi}i∈I of
residually transcendental extensions of Z(p), p ∈ P, the ring

⋂︁
i∈I

Wi ∩ Q[X]

has finite character, and thus is a Krull domain.

4.3.2. Centers of monomial valuations on Z[X]. Let p ∈ P be fixed. Given
(α, δ) ∈ Cp× (Q∪{∞}), we denote the maximal ideal of Z(p),α,δ by M(p),α,δ.
By Theorem 3.6, Z(p),α,δ is an overring of Z(p)[X] if and only if (α, δ) ∈
Op × (Q≥0 ∪ {∞}). In this section, we restrict to this case and describe the
center of Z(p),α,δ on Z(p)[X], namely, M(p),α,δ ∩ (Z(p)[X]).

Let Mp be the maximal ideal of Op. We set Int(B̄p(α, δ),Mp) = {f ∈
Cp[X] | f(B̄(α, δ)) ⊆ Mp}. It is easy to see that Int(B̄p(α, δ),Mp) is an ideal
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of Int(B̄p(α, δ),Op). The following lemma shows that this ideal is precisely
the center of Op,α,δ on Op,α,δ ∩ Cp[X] = Int(B̄p(α, δ),Op) (see (3.13)).

Lemma 4.29. Let p ∈ P, (α, δ) ∈ Cp×(Q∪{∞}) and Mp,α,δ be the maximal
ideal of Op,α,δ. Then, we have

Mp,α,δ ∩ (Op,α,δ ∩ Cp[X]) = Int(B̄p(α, δ),Mp).

Proof. The statement clearly holds if δ = ∞. Suppose then that δ <∞.
(⊆) Let f ∈ Mp,α,δ ∩ (Op,α,δ ∩ Cp[X]). Then, if f(X) =

∑︁
k

ak(X − α)k,

we have vp(ak) + kδ > 0 for each k. In particular, if α′ ∈ Cp is such

that vp(α − α′) ≥ δ, we have f(α′) =
∑︁
k

ak(α
′ − α)k, so that vp(f(α

′)) ≥

mink{vp(ak) + kδ} > 0. Hence, f(B̄(α, δ)) ⊆ Mp.
(⊇) Let f ∈ Int(B̄p(α, δ),Mp) ⊂ Int(B̄p(α, δ),Op). Let E = {αn}n∈N ⊂

B̄p(α, δ) be a pseudo-stationary sequence such that δE = δ and let vp,E be
the associated valuation (see [29]). By [29, Proposition 3.7], vp,α,δ = vp,E
and by [29, Theorem 3.4], f(X) is in the maximal ideal of Op,E = Op,α,δ,
because by assumption vp(f(αn)) > 0 for every n ∈ N; thus, f ∈ Mp,α,δ. □

For each p ∈ P, let Fp be the finite field of p elements, i.e., Fp = Z/pZ, and
f be the image of f ∈ Z[X] in Fp[X]. Let Spec(Z[X]) (resp., Max(Z[X]))
be the set of prime ideals (resp., maximal ideals) of Z[X]. Note that
dim(Z[X]) = 2 and each maximal ideal of Z[X] has height two, so

Spec(Z[X]) = {0} ∪X1(Z[X])∪ Max(Z[X]) and X1(Z[X])∩
Max(Z[X]) = ∅.

It is well known and easy to see that

(a) X1(Z[X]) = {pZ[X] | p ∈ P}∪{fZ[X] | f ∈ Z[X] and f is irreducible
in Z[X]}

(b) Max(Z[X]) = {(p, f) | p ∈ P, f ∈ Z[X] and fFp[X] is a prime ideal}.
In particular, for each p ∈ P,
Spec(Z(p)[X]) = {0} ∪ {pZ(p)[X]}

∪ {fZ(p)[X] | f ∈ Z(p)[X] and f is irreducible in Z(p)[X]}
∪ {(p, f) | fFp[X] is a prime ideal }.

Recall that if α ∈ Op, then α is the image of α modulo Mp and gα(X) ∈
Z(p)[X] denotes a monic polynomial such that gα(X) is the minimal poly-
nomial over α over Fp.

Proposition 4.30. Let p ∈ P and (α, δ) ∈ Op × (Q≥0 ∪ {∞}). Then

Z(p)[X] ∩M(p),α,δ =

{︃
(p), if δ = 0
(p, gα(X)), if δ > 0

Proof. Suppose first that δ = 0. Then Z(p),α,0 = Z(p),0,0 = Z(p)[X]pZ(p)[X]

(i.e., the trivial Gaussian extension). In particular, Z(p)[X] = Z(p),0,0∩Q[X],
so, the center of M(p),α,0 =M(p),0,0 on Z(p)[X] is equal to pZ(p)[X].
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Suppose now that δ = ∞. Since (p, gα(X)) is a maximal ideal of Z(p)[X]
and gα ∈M(p),α,∞, (p, gα(X)) is the center of Z(p),α,∞ on Z(p)[X].

Finally, suppose that 0 < δ <∞. By Lemma 4.29,

M(p),α,δ ∩ (Z(p),α,δ ∩Q[X]) = IntQ(B̄p(α, δ),Mp),

so Z(p)[X]∩M(p),α,δ = {f ∈ Z(p)[X] | f(B̄p(α, δ)) ⊆ Mp}. Hence, in order to
show that this last intersection is equal to (p, gα(X)), it is sufficient to show
that gα maps B̄p(α, δ) into Mp. If α′ ∈ Cp is such that v(α′ − α) ≥ δ > 0,
then gα(α

′) ≡ gα(α) ≡ 0 (mod Mp), which is what we wanted to prove. □

Remark 4.31. Clearly, if B̄p(α, δ) ⊂ Op with δ > 0, then for all α′ ∈
B̄p(α, δ), we have α = α′, so gα = gα′ . Hence, for δ > 0, the center
of Z(p),α,δ on Z(p)[X] does not depend on the particular center of the ball

B̄(α, δ). Most importantly, by Lemma 4.30, given α ∈ Op, the center of
Z(p),α,δ on Z(p)[X] is the same maximal ideal for all δ ∈ Q>0 ∪ {∞}.

Putting these two remarks together, for each δ ∈ Q, δ > 0, we have that

M(p),α,δ ∩ Z[X] =M(p),α′,∞ ∩ Z[X], ∀α′ ∈ B̄p(α, δ).

In particular, for δ > 0 and g ∈ Z[X], we have that g ∈M(p),α,δ if and only

if g ∈M(p),α′,∞ for some (hence, all) α′ ∈ B̄p(α, δ).

Corollary 4.32. Let p ∈ P and (αi, δi) ∈ Op × (Q≥0 ∪ {∞}), for i = 1, 2.
Then Z(p)[X] ∩ M(p),α1,δ1 = Z(p)[X] ∩ M(p),α2,δ2 if and only if one of the
following conditions holds:

(a) δ1 = δ2 = 0;
(b) δi ̸= 0, for i = 1, 2, and α1, α2 are conjugate over Fp. Equivalently,

vp(σ(α1)− α2) > 0 for some σ ∈ Gp = Gal(Qp/Qp).

Proof. (⇒) Suppose first that Z(p),α1,δ1 ,Z(p),α1,δ1 have the same center on
Z(p)[X]. By Proposition 4.30, we have either δ1 = δ2 = 0 or δi ̸= 0 for
i = 1, 2. In the last case, we have Z(p)[X] ∩M(p),αi,δi = (p, gαi(X)), where
gαi ∈ Z(p)[X] is a monic polynomial such that gαi is the minimal polynomial
of αi over Fp, for i = 1, 2. Then, these prime ideals are the same if and only
if gα1 = gα2 , that is, α1, α2 are conjugate over Fp. Note that this last

condition amounts to saying that there exists some σ ∈ Gal(Fp/Fp) such

that σ(α1) = α2. Since σ(α1) = σ(α1) for some σ ∈ Gp [7, Chapt. V, §2.2,
Proposition 6(ii)]), it follows that vp(σ(α1)− α2) > 0, as claimed.

(⇐) If δ1 = δ2 = 0, then Z(p)[X] ∩M(p),αi,δi = (p) for i = 1, 2. If instead
δi ̸= 0 for i = 1, 2 and α1, α2 are conjugate over Fp, then by the above
arguments we have Z(p)[X] ∩M(p),α1,δ1 = Z(p)[X] ∩M(p),α2,δ2 . □

In Corollary 4.32, if δi ̸= 0 for i = 1, 2, we have the following three
possibilities: (i) α1, α2 are conjugate by the action of Gp and δ1 = δ2 and
so Z(p),α1,δ1 = Z(p),α2,δ2 (and so in particular they have the same center
on Z(p)[X]), (ii) α1, α2 are not conjugate over Qp or (iii) δ1 ̸= δ2 so that
Z(p),α1,δ1 ̸= Z(p),α2,δ2 but α1, α2 are conjugate over Fp so the corresponding
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valuation domains have the same center on Z(p)[X]. For example, if α1, α2 ∈
Op are such that vp(α1 − α2) > 0 (that is, they belong to the same ball
contained in Op of strictly positive radius), then α1 = α2.

4.3.3. Finite character. A Polynomial Krull domain R must be of the form

R =
⋂︁
p∈Λ

(
mp⋂︁
j=1

(Wp,j ∩Q[X])), for some Λ ⊆ P and DVRs Wp,j , for each p ∈ Λ

and j ∈ {1, . . . ,mp}. But, in general, a ring of this form need not be a
polynomial Krull domain (see, for example, [10, Theorem 3.5] or Example
4.33).

Example 4.33. For each prime p ∈ P, let δp ∈ Q, δp > 0, and let

R =
⋂︂
p∈P

Z(p),0,δp ∩Q[X].

Then R is not Krull, because X is contained in each center of the residually
transcendental extensions Z(p),0,δp of Z(p), for p ∈ P.

In this section, we determine when such an intersection is a Krull domain.
We consider the case of a subset E =

∏︁
p∈P

Ep of O such that, for each

p ∈ P, Ep is a finite union of balls in Obr
p :

Ep =

mp⋃︂
j=1

B̄p(αp,j , δp,j), (αp,j , δp,j) ∈ Obr
p × (Q≥0 ∪ {∞}) for j = 1, . . . ,mp,

with the assumption that αp,j is transcendental over Q for each p ∈ P and
j ∈ {1, . . . ,mp}. If δp,j ̸= ∞ this can always be assumed by a density
argument and if δp,j = ∞ this condition has to be imposed. For each p ∈ P,
we consider the set of centers of the balls in Ep of strictly positive radius
given by C(Ep) = {αp,1, . . . , αp,mp | δp,j > 0,∀j = 1, . . . ,mp} and set

C(E) =
∏︂
p∈P

C(Ep)

Note that, for each p ∈ P, the set of the centers of {Z(p),αp,j ,δp,j | j =

1, . . . ,mp} on Z[X], namely

{Z[X] ∩M(p),αp,j ,δp,j | j = 1, . . . ,mp}

is finite (possibly, by Corollary 4.32 its cardinality can be strictly smaller
than mp).

We remark that the choice of a center of an ultrametric ball B̄p(α, δ) ⊂ Op

is completely arbitrary (every element of the ball is a center of the ball
itself). However, for our scopes, by Remark 4.31 a possible different choice
does not affect the next Theorem 4.34, provided the center of each ball is
transcendental overQ (because, in this case, [27, Lemma 2.12] can be applied
for the proof of Theorem 4.34). This property can always be assumed if
δp,j ∈ Q≥0 and it has to be imposed when δp,j = ∞.
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Theorem 4.34. Let Λ ⊆ P be a subset, E =
∏︁
p∈Λ

Ep ⊂ O where for each

p ∈ Λ, Ep =
mp⋃︁
j=1

B̄p(αp,j , δp,j) with (αp,j , δp,j) ∈ Obr
p × (Q≥0 ∪ {∞}), αp,j

transcendental over Q, for each j ∈ {1, . . . ,mp} and let R = IntQ(E,O),
where E =

∏︁
p∈Λ

Ep, namely:

R =
⋂︂
p∈Λ

mp⋂︂
j=1

Z(p),αp,j ,δp,j ∩Q[X].

Assuming that the above representation of R is irredundant, then the follow-
ing conditions are equivalent:

(1) R is a Krull domain.
(2) For each (nonconstant and irreducible) g ∈ Z[X], g is contained in

finitely many heigth one unitary prime ideals of R.
(3) For each g ∈ Z[X], the following set is finite:

Dg,E = {p ∈ Λ | ∃j ∈ {1, . . . ,mp} such that g ∈ Z[X] ∩ M(p),αp,j ,δp,j}.

(4) C(E) =
∏︁
p∈Λ

{αp,1, . . . , αp,mp | ∀j = 1, . . . ,mp, δp,j > 0} is polynomi-

ally factorizable.

We remark that if for some p ∈ Λ we have δp,αj = 0 for j = 1, . . . ,mp, then
mp = 1 by the assumption that the above representation of R is irredundant.
For such a prime p, we have

R(p) = Z(p),αp,0 ∩Q[X] = IntQ(Op) = Z(p)[X]

(see for example (3.14)).

Proof. (1) ⇔ (2) Note that R is a Krull domain if and only if, for every
f ∈ R, f ̸= 0, f is contained in finitely many centers of the defining family
of DVR overrings of R, namely, Z(p),αp,j ,δp,j , for p ∈ Λ and j = 1, . . . ,mp

and Q[X](q), for q ∈ Q[X] irreducible.
Since every f ∈ R can be written as g

d , for some g ∈ Z[X] and d ∈ Z,
d ̸= 0, it is clear that f is contained in finitely many centers of the defining
family of DVR overrings of R if and only if the same holds for g, since the
integer d is divisible by finitely many p ∈ Λ and for each p ∈ Λ there are
only finitely many DVRs overring of R extending Z(p). Moreover, g is clearly
contained in finitely many nonunitary prime ideals of R (whose height is one
by an argument similar to the one of Corollary 4.8), so R is Krull if and
only if condition (2) holds (by assumption and by Corollary 4.6, the centers
on R of the DVRs Z(p),αp,j ,δp,j are of height one).

(2) ⇔ (3) Since for each p ∈ Λ, we only have finitely many unitary DVR
overrings of R extending Z(p) (namely, Z(p),αp,j ,δp,j , for j = 1, . . . ,mp) and

their centers on R are of height one by Corollary 4.6, it follows that (2) is
equivalent to (3).
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(3) ⇔ (4) Let P0 be the set of primes in Λ for which there exists j ∈
{1, . . . ,mp} such that δp,j = 0. If p ∈ P0, then mp = 1 by Remark 3.18
and the assumption that the above representation of R is irredundant, and
M(p),αp,1,δp,1 ∩ Z(p)[X] = (p) by Proposition 4.30. Hence, for each nonzero

g ∈ Z[X], Dg,E ∩P0 is a finite set. By the same aforementioned Proposition,
if p ∈ Λ \ P0, we have M(p),αp,j ,δp,j ∩ Z(p)[X] = M(p),αp,j ,∞ ∩ Z(p)[X], so

Dg,E \ P0 = Pg,C(E). Therefore, Dg,E is finite if and only if Pg,C(E) is finite.
Since each αp,j is transcendental over Q by assumption, [27, Lemma 2.12]
shows that C(E) is polynomially factorizable if and only if for every g ∈
Z[X], Pg,C(E) is finite. Hence, (3) and (4) are equivalent. □

Let Λ and R be as in Theorem 4.34. It is helpful to note that Λ = ∅ if
and only if R = Q[X], and, if Λ is finite, then R is always a Krull domain.
The next theorem is the global version of Theorem 4.15 and describes the
class of polynomial Krull Domains. By a result of Heinzer, this is precisely
the class of integrally closed Noetherian domains between Z[X] and Q[X]
(see [18]).

Theorem 4.35. Let R be a polynomial Krull domain. Then

(4.36) R =
⋂︂
p∈Λ

mp⋂︂
j=1

Z(p),αp,j ,δp,j ∩Q[X] = IntQ(E,O)

for some subset Λ ⊆ P, where (αp,j , δp,j) ∈ Obr
p × (Q≥0 ∪ {∞}) with αp,j

transcendental over Q if δp,j = ∞ for each p ∈ Λ and j = 1, . . . ,mp; E =∏︁
p∈Λ

Ep with Ep =
mp⋃︁
j=1

B̄p(αp,j , δp,j); and C(E) =
∏︁
p∈Λ

{αp,1, . . . , αp,mp | ∀j =

1, . . . ,mp, δp,j > 0} is polynomially factorizable.
Moreover, if ht(M(p),αp,j ,δp,j ∩ R) = 1 for all p ∈ Λ and j = 1, . . . ,mp,

then

Cl(R) =
⨁︂
p∈Λ

(Z/dpZ⊕ Zmp−1),

where ep,j = e(Z(p),αp,j ,δp,j |Z(p)) for j = 1, . . . ,mp and dp = gcd(ep,1, . . . , ep,mp)
for all p ∈ Λ.

Proof. As we remarked in (4.1), we have

R =
⋂︂
p∈Λ

(

mp⋂︂
j=1

Wp,j) ∩Q[X],

for some subset Λ ⊆ P whereWp,j is a DVR of Q(X) lying over Z(p) for each
j = 1, . . . ,mp and p ∈ P.

By Theorem 3.6, for each p ∈ Λ, there exist (αp,j , δp,j) ∈ Obr
p ×(Q≥0∪{∞})

such that Wp,j = Z(p),αp,j ,δp,j , for each j = 1, . . . ,mp. In particular, R has
the stated form.
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Finally, C(E) =
∏︁
p∈Λ

{αp,1, . . . , αp,mp | ∀j = 1, . . . ,mp, δp,j > 0} is polyno-

mially factorizable by Theorem 4.34 and Cl(R) =
⨁︁
p∈Λ

(Z/dpZ ⊕ Zmp−1) by

the proof of [10, Theorem 2.4(4)]. □

In the next corollary, we completely describe UFDs between Z[X] and
Q[X].

Corollary 4.37. Let R be a UFD between Z[X] and Q[X]. Then there exist
a subset Λ ⊆ P and pairs (αp, δp) ∈ Obr

p × (Z≥0 ∪ {∞}) such that

(4.38) R =
⋂︂
p∈Λ

Z(p),αp,δp ∩Q[X] =
⋂︂
p∈Λ

IntQ(B̄p(αp, δp),Op)

where, for each p ∈ Λ, αp is unramified over Qp and is transcendental over Q
if δp = ∞ and the set C(E) =

∏︁
p∈Λ

{αp | δp > 0} is polynomially factorizable.

Proof. It is well-known that a UFD is a Krull domain with trivial class
group (see for example [13, Proposition 6.1]). By Theorem 4.35, R is as in
(4.36) (and so, in particular, it is a Noetherian domain by [18]). By the
characterization of the class group of R in the aforementioned Theorem and
also Theorem 4.24, R is as in the statement of the corollary. Note that the
second equality of (4.38) follows from Remark 3.12. □

Corollary 4.39. Let Λ ⊆ P be a subset and (αp,j , δp,j), (αp,j , δ
′
p,j) ∈ Obr

p ×
(Q≥0 ∪ {∞}) with δp,j ≤ δ′p,j, and αp,j transcendental over Q if δp,j = ∞,
for each p ∈ Λ and j = 1, . . . ,mp. Let

R =
⋂︂
p∈Λ

mp⋂︂
j=1

Z(p),αp,j ,δp,j ∩Q[X] and R′ =
⋂︂
p∈Λ

mp⋂︂
j=1

Z(p),αp,j ,δ′p,j
∩Q[X].

Let ∆ = {p ∈ Λ | 0 = δp,j < δ′p,j for some j = 1, . . . ,mp} and assume that
∆ is a finite set. Then the following statements hold.

(1) R is a Krull domain if and only if R′ is a Krull domain.
(2) Let R be a Krull domain. Then Cl(R′) is a factor group of Cl(R).

Moreover, if δ′p,j < ∞ for all δp,j with δp,j < ∞, then Cl(R′) =

Cl(R).
(3) If R is a UFD, then R′ is also a UFD.

Proof. (1) For each g ∈ Z[X], let

Dg,E(R) = {p ∈ Λ | ∃j ∈ {1, . . . ,mp} such that g ∈ Z[X] ∩ M(p),αp,j ,δp,j}
Dg,E(R

′) = {p ∈ Λ | ∃j ∈ {1, . . . ,mp} such that g ∈ Z[X] ∩ M(p),αp,j ,δ′p,j
}.

Then, by Theorem 4.34, it suffices to show that Dg,E(R) is finite if and only
if Dg,E(R

′) is finite.
It is clear that Z[X] ∩ M(p),αp,j ,δp,j ⊆ Z[X] ∩ M(p),αp,j ,δ′p,j

for each p ∈ Λ

and j = 1, . . . ,mp. Hence, Dg,E(R) ⊆ Dg,E(R
′). Moreover, if δp,j ̸= 0
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for j = 1, . . . ,mp, then Z[X] ∩ M(p),αp,j ,δp,j = Z[X] ∩ M(p),αp,j ,δ′p,j
by

Proposition 4.30. Hence, Dg,E(R
′) \ Dg,E(R) ⊆ ∆, and since ∆ is finite,

Dg,E(R
′) \Dg,E(R) is finite. Thus Dg,E(R) is finite if and only if Dg,E(R

′) is
also finite.

(2) Let the notation be as in Theorems 4.10 and 4.35. We may assume that
the representation of R above is irredundant. Hence, by Proposition 3.16,
the representation of R′ above is also irredundant. Note that (αp,j , δp,j) is a
minimal pair if δp,j ∈ Q, so if δ′p,j <∞, then (αp,j , δ

′
p,j) is a minimal pair be-

cause B̄p(αp,j , δ
′
p,j) ⊆ B̄p(αp,j , δp,j). Hence Cl(R

′) =
⨁︁
p∈Λ

(Z/d′pZ⊕Zmp−1) for

some positive integer d′p with d′p|dp for each p ∈ Λ by Theorem 4.10. Hence,

Z/d′pZ ∼= (Z/dpZ)/(d′pZ/dpZ), so if we let H =
⨁︁
p∈Λ

(d′pZ/dpZ ⊕ {0}mp−1),

then H is a subgroup of Cl(D) and Cl(R)/H = Cl(R′). In particular, if
δ′p,j < ∞ for all δp,j with δp,j < ∞, then dp = d′p by Theorem 4.10 again.

Thus Cl(R) = Cl(R′).
(3) This follows by (2) above because a UFD is a Krull domain with trivial

class group. □

Example 4.40. Let R =
⋂︁
p∈P

Z(p),0,0 ∩ Q[X]. Then R = Z[X], and hence

R is a Krull domain (in fact, a UFD). However, if R′ =
⋂︁
p∈P

Z(p),0,p ∩ Q[X],

then R is not a Krull domain because X ∈ XZ(p),0,p = pZ(p),0,p for all p ∈ P.
Therefore the condition of ∆ being finite is necessary for Corollary 4.39.

4.3.4. Construction of Krull domains with prescribed class group. For con-
venience, we say that a polynomial Krull domain R is a pure Krull domain
if Q is not maximal for all Q ∈ X1(R) with Q ∩ Z ̸= (0). By Proposition
4.28, if R is a polynomial Krull domain that is not Dedekind, then R can be
represented as an intersection of a Dedekind domain R1 and a pure Krull
domain R2, i.e., R = R1∩R2. The divisor class group of a polynomial Krull
domain is a direct sum of a countable family of finitely generated abelian
groups by Theorem 4.35. Conversely, if G is a direct sum of a countable
family of finitely generated abelian groups, then there is a Dedekind domain
between Z[X] and Q[X] with ideal class group G [27, Theorem 3.1].

We next construct a pure Krull domain with prescribed divisor class
group.

Proposition 4.41. Let G be a finitely generated abelian group. Then there
exists a pure Krull domain R between Z[X] and Q[X] such that Cl(R) = G.

Proof. Suppose G = Z/e1Z⊕· · ·⊕Z/enZ⊕Zm for some integers e1, . . . , en ∈
N and m ≥ 0. Let p1, . . . , pn ∈ P be distinct.

We pick m+1 distinct elements αpn,1, . . . , αpn,m+1 in Zpn which are tran-
scendental over Q. Let N = max{vpn(αpn,i−αpn,j) | i ̸= j ∈ {1, . . . ,m+1}}.
Let Wpn,j = Z(pn),αpn,j ,N+1/en , for j ∈ {1, . . . ,m+1}. Note that the Wpn,j ’s

are distinct (because vpn(αpn,i − αpn,j) < N + 1/en for each i ̸= j) and
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(αpn,j , N + 1/en) is a minimal pair for each j ∈ {1, . . . ,m + 1}. Then by
Theorem 4.10, (4) and Proposition 4.22 we have

epn,j = e(Wpn,j | Z(pn)) = e(N + 1/en | Qp) = en.

By the same argument, we can also choose αpi in Zpi which is transcendental
over Q, so that (αpi , 1/ei) is minimal pair for i = 1, . . . , n − 1. Let Wpi =

Z(pi),αpi ,1/ei
for i = 1, . . . , n−1 so that, if we set R = (

n−1⋂︁
i=1

Wpi)∩(
m+1⋂︁
j=1

Wpn,j∩

Q[X]), we have that R is a Krull domain such that Cl(R) = G by Theorem
4.35 and Q is not maximal for all Q ∈ X1(R) with Q∩Z ̸= (0) by Theorem
4.10(3). □

Theorem 4.42. Let G be a direct sum of a countable family {Gi | i ∈ I} of
finitely generated abelian groups (which are not necessarily distinct). Then
there exists a pure Krull domain R between Z[X] and Q[X] with Cl(R) = G.
Moreover, for each i ∈ I, there is a multiplicative subset Si of Z such that
RSi is a pure Krull domain with Cl(RSi) = Gi.

Proof. For each i ∈ I, let Gi = Z/ei1Z ⊕ · · · ⊕ Z/einiZ ⊕ Zmi for some
ei1, . . . , eini ≥ 1, ni ≥ 1 and mi ≥ 0. Without loss of generality, we may
suppose that we have a partition of P into a family of finite subsets which
is indexed by I, namely, {Pi}i∈I is a partition of P with |Pi| = ni for each
i ∈ I. By Proposition 4.41, there exists a pure Krull domain Ri, Z[X] ⊆
Ri ⊂ Q[X], such that Cl(Ri) = Gi.

Now set R =
⋂︁
i∈I

Ri. Note that if Si = Z \
⋃︁

p∈Pi

pZ for each i ∈ I, then

RSi = Ri by Lemma 4.3, thus RSi is a pure Krull domain with Cl(RSi) = Gi.
However, it may be the case that R is not a Krull domain, that is, it has
not the finite character property.

Let i ∈ I be such that Gi is not trivial, and let p be a fixed prime in
the finite set Pi. Suppose that for the construction of Ri we chose in Zp

kp ≥ 1 distinct elements, say for example Ep = {αp,1, . . . , αp,kp}; let also
δp,j be the radius of the ultrametric ball of center αp,j , for j = 1, . . . , kp.
We then replace the elements in Ep by possibly other kp distinct αp’s in Zp

which lie in the same residue class ⌊log(p)⌋ + pZp, such that these αp’s are
transcendental over Q. We also modify the corresponding δp,j ’s accordingly
so that the previous facts about the corresponding ring Ri still hold. If Gi

is trivial, then we simply choose an element αp ∈ Zp. We claim that the set

C(E) =
∏︂
p∈P

{αp,1, . . . , αp,kp ∈ Zp | δp,j > 0}

is polynomially factorizable, so by Theorems 4.34 and 4.10(3), R is a pure
Krull domain. Let g ∈ Z[X] and let α = (αp) ∈ C(E). Then we have

g(αp) ≡ g(⌊log(p)⌋) (mod p)

Since for p sufficiently large, g(⌊log(p)⌋) is not divisible by p we get that
Pg,C(E) is finite. □
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sur un corps K, Rev. Roumaine Math. Pures Appl. 33 (1988), no. 5, 393-400.

[2] V. Alexandru, N. Popescu, A. Zaharescu, A theorem of characterization of residual
transcendental extensions of a valuation. J. Math. Kyoto Univ. 28 (1988), no. 4,
579-592.

[3] V. Alexandru, N. Popescu, A. Zaharescu, Minimal pairs of definition of a residual
transcendental extension of a valuation. J. Math. Kyoto Univ. 30 (1990), no. 2, 207-
225.

[4] V. Alexandru, N. Popescu, A. Zaharescu, All valuations on K(X). J. Math. Kyoto
Univ., 30 (1990), no. 2, 281–296.

[5] V. Alexandru, N. Popescu, A. Zaharescu, On the closed subfields of Cp. J. Number
Theory 68 (1998), no. 2, 131-150.

[6] D.F. Anderson, M. Fontana, and M. Zafrullah, Some remarks on Prüfer ∗-
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